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Abstract: We study linear cosmological perturbations in a previously introduced family
of deformations of general relativity characterized by the absence of new degrees of freedom.
The homogeneous and isotropic background in this class of theories is unmodified and is
described by the usual Friedmann equations. The theory of cosmological perturbations is
modified and the relevant deformation parameter has the dimension of length. Gravita-
tional perturbations of the scalar type can be described by a certain relativistic potential
related to the matter perturbations just as in general relativity. A system of differential
equations describing the evolution of this potential and of the stress-energy density per-
turbations is obtained. We find that the evolution of scalar perturbations proceeds with
a modified effective time-dependent speed of sound, which, contrary to the case of general
relativity, does not vanish even at the matter-dominated stage. In a broad range of values
of the length parameter controlling the deformation, a specific transition from the regime of
modified gravity to the regime of general relativity in the evolution of scalar perturbations
takes place during the radiation domination. In this case, the resulting power spectrum of
perturbations in radiation and dark matter is suppressed on the comoving spatial scales
that enter the Hubble radius before this transition. We estimate the bounds on the de-
formation parameter for which this suppression does not lead to observable consequences.
Evolution of scalar perturbations at the inflationary stage is modified but very slightly and
the primordial spectrum generated during inflation is not noticeably different from the one
obtained in general relativity.
Keywords: cosmological perturbation theory, modified gravity.
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1. Introduction
The future astrophysical and cosmological data will, among other things, allow one to
perform deeper tests of our theory of gravity, general relativity (GR). Although there are
no compelling reasons to question seriously the validity of GR, several puzzles associated
with its long-distance behavior, primarily those connected with the phenomena of dark
energy and dark matter, make it an important task to see whether GR continues to be as
good a description of gravity on astrophysical and cosmological scales as it is on the scales
of Solar System. Modern literature is abundant with various proposals of modified gravity
addressing this issue. A common feature of almost all such modifications is that new
propagating degrees of freedom are introduced in the gravitational sector, in the form of
additional fields or higher derivatives of the metric field. A typical example is f(R) gravity,
which in its original variables is a purely metric theory with higher derivatives but also can
be transformed into a scalar-tensor theory. Extensions of this kind typically change both
the Friedmann equations describing the evolution of a homogeneous and isotropic universe
and the equations describing cosmological perturbations, by which modifications they can
be tested.
It is, perhaps, less known that one can modify GR without introducing any new prop-
agating degrees of freedom. Modification of this kind, in particular, should be expected
not to change the homogeneous background evolution in cosmology, affecting only the way
the perturbations evolve. Some of the generic features of this scheme were explored in [1]
without specifying a concrete theory.
A specific class of modifications of GR without new propagating degrees of freedom
was proposed by one of us in [2], with the same class of theories envisaged earlier in a
different formulation in [3]. These theories legitimately can be called deformations of GR
in the sense that there exist continuous paths in the parameter space smoothly connecting
any of them with GR. The theories in this class provide a new framework for testing general
relativity, since, using the observational data, one can determine how close is the real-world
gravity to GR within a class of its deformations. In one of our previous papers [4], we were
concerned with the spherically symmetric solution in this class of theories, its features and
possible implications. In the present paper, we turn to the description of cosmology. Our
aim is to set a stage for possible tests of the theories of [2] by working out the modified
equations describing the evolution of cosmological perturbations.
Before describing the class of theories under investigation in detail, it is worth dis-
cussing their basic properties in elementary terms. If viewed as purely metric theories,
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they can be regarded as the usual effective theories with a nonlocal Lagrangian that can
be expanded into an infinite series of local terms built from the curvature invariants:
L = α1R + α2R2 + α3RµνRµν + α4RµνστRµνστ + . . . The coefficients in front of these
invariants, however, are not arbitrary in the present case, but are such that the whole infi-
nite series can be resummed with the help of auxiliary non-propagating fields. In the end,
one obtains a local second-derivative theory with only two propagating degrees of freedom
(two polarizations of the gravitational wave), and a certain limit can be taken to recover
GR if one so wishes, see [5].
To elucidate this idea, we illustrate it on a simple example of a single field with a
higher-derivative action. Let us start from the linearized Lagrangian
L(2)[h] = 1
2
hh , (1.1)
where  = ∇µ∇µ and our signature convention is (−,+,+,+). One can think of the field
h as that of the graviton with the factor of the inverse Newton’s constant G−1 absorbed
into the definition of h to endow it with the canonical mass dimension [h] = 1. All tensor
indices of h have been discarded in order to make the discussion as simple as possible.
Lagrangian (1.1) can be modified by introducing higher-derivative non-renormalizable
terms. For any finite number of such terms, the resulting theory has additional propagating
modes corresponding to the poles of the arising propagator. However, when an infinite
number of such higher-derivative terms is present, they sometimes can be resummed into
a denominator so that the only pole of the arising propagator is still that of the massless
graviton. One of the simplest examples realizing this idea is
L[h] = 1
2
h
(
+ ℓ22 + ℓ43 + ℓ64 + . . .
)
h =
1
2
h

1− ℓ2h . (1.2)
Here, ℓ is the length scale of the modification. It is clear that the usual “graviton” is the
only propagating mode in (1.2). To see this explicitly, note that the non-local theory (1.2)
can be obtained from the local one
L[h, χ] = 1
2
χ
(
−m2)χ+ χh+ 1
2
hh , (1.3)
where m = ℓ−1, by integrating out the auxiliary field χ. Indeed, the equation for χ that
stems from (1.3) is formally solved by
χ =
h
m2 − . (1.4)
Substituting this into (1.3), one obtains (1.2). At the level of action (1.3), the limit m→∞
that gives back (1.1) works by making the field χ infinitely massive, and thus effectively
decoupling it from the theory. At the same time, writing action (1.3) in terms of the new
field variable h˜ = h+ χ,
L[h˜, χ] = 1
2
h˜h˜− 1
2
m2χ2 , (1.5)
one can see that the field χ is an auxiliary non-propagating field, and the theory (1.3) has
the same number of degrees of freedom and structure as the one we started from, Eq. (1.1).
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Thus, the described modification (1.2) is just a field redefinition, which gives another way
to understand why no new propagating degrees of freedom is introduced in this case.1
The described elementary modification scheme is (almost) identical to the one at play
in the class of theories [2] at the linearized level. However, in theories [2], it is extended to
a full non-linear level in a non-trivial fashion. It then turns out that, by the same trick of
introducing auxiliary non-propagating fields, quite non-trivial terms in the arising effective
metric Lagrangian can be reproduced, for instance, the Riemann3 term of importance in
quantum gravity at two loops; see [5].
To summarize, the idea of the deformations of GR [2] is that higher-derivative terms in
the effective metric Lagrangian can be added without introducing extra degrees of freedom,
and the theory is then made local at the expense of introducing some non-propagating
auxiliary fields. In the class of theories [2], this idea is realized elegantly by combining the
metric and auxiliary fields into a single field — an SU(2) Lie-algebra-valued two-form.
Another general comment should be made about the class of theories under investiga-
tion in this paper. The above discussion seemingly implies that they can be regarded as
ultraviolet modifications of general relativity. Indeed, usually, modifications generated by
the addition of higher-derivative terms to the Hilbert–Einstein Lagrangian are of relevance
at high energies, e.g., close to the Planck scale, but are unimportant at low energies of rel-
evance in cosmology. However, our above example shows that this interpretation may not
always be valid. Indeed, the theory (1.2) has the field and dynamical content equivalent to
that of (1.1). This property will be lost after truncation of the series in (1.2) or after the
violation of the delicate relations between the coefficients in this infinite series. Through
these relations, the high-derivative terms (potentially important in the ultraviolet) are all
connected with the low-derivative terms (important in the infrared). In the case of the
modified gravity theory to be considered, this UV/IR interplay will be seen in the fact that
the theory can be generated from the self-dual formulation of general relativity simply by
making the cosmological constant a function of the variable which in GR has the meaning
of the Weyl curvature (more on this below). This allows gravity to be modified on cosmo-
logical scales rather naturally, simply by making the usual cosmological constant a slowly
varying function of the curvature. At the same time, it is easy to remain consistent with
GR on Solar-System scales by requiring the “cosmological function” to be approximately
constant in the relevant region of curvatures (see the next section for more details). In
this sense, the theory simultaneously looks like an infrared modification of gravity. This
interplay between the ultraviolet and infrared modification is an interesting feature that
characterizes the class of theories under investigation.
The plan of the paper is as follows. In Sec. 2, we briefly describe the family of defor-
mations of GR which is the subject of this study. In Sec. 3, we describe the homogeneous
isotropic Universe and the usual Friedmann equations in the language of two-forms adopted
in this paper. Section 4 describes the linearized field equations around the evolving cos-
1One cannot discard the field χ in (1.5) if the “matter” part of the action interacts with the original
field h ≡ h˜− χ. In this case, there arises a theory with non-propagating auxiliary scalar χ that couples to
matter, resembling the modified source gravity [6]. This will also be the case in the modified-gravity theory
under consideration in this paper.
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mological background. In Sec. 5, we classify the types of perturbations and describe the
physical gauge-invariant quantities. Section 6 obtains equations describing perturbations of
the scalar type. These are analyzed in details in Sec. 7. We study the effect of modification
on the CMB and matter power spectrum in Sec. 8. We conclude with a brief discus-
sion of the results obtained. Preliminary results concerning tensor modes are described in
Appendix B.
2. A family of deformations of GR
In this section, we briefly review the theory under investigation in this work. For more
details, the reader is directed to a recent description in [5].
2.1 Preliminaries: two-form field and the metric
As we mentioned in the introduction, in our theory the metric and the auxiliary non-
propagating fields are “unified” into a single two-form field Biµν , i = 1, 2, 3, where µ, ν are
spacetime indices. The (complexified) rotation group SO(3,C) acts on the two-form Biµν
via Biµν → OijBjµν , Oij ∈ SO(3,C), and the theory is invariant under the corresponding
gauge transformations as well as under the action of spacetime diffeomorphisms.
The physical metric of the spacetime, to which all fields are supposed to couple uni-
versally, is determined uniquely by the two-form field. To begin with, we require that
the triple of two-forms Biµν be self-dual with respect to this metric, which determines its
conformal class. In other words, introducing the associated volume form ǫµνρσ for a metric
gµν and imposing the self-duality conditions
2
1
2
ǫ ρσµν B
i
ρσ = iB
i
µν (2.1)
fixes the metric gµν modulo a conformal rescaling.
An equivalent explicit description of the conformal class of metrics determined by Biµν
is given by the formula √
−det (gµν) gµν ∝ ǫ˜αβγδBiµαBjνβBkγδǫijk , (2.2)
where ǫ˜αβγδ is a densitized completely anti-symmetric tensor having components ±1 in any
coordinate system, and the proportionality symbol is used here to denote that the metric is
defined up to conformal rescalings. The reality conditions imposed on the theory are that
the conformal metric (2.2) is real Lorentzian. To fix a unique metric from its conformal
class, it suffices to specify its volume form. Below, we shall explain how the triple Biµν
defines not only a conformal class of metrics, but a volume form as well.
Vice versa, given a real metric gµν with Lorentzian signature, one can introduce the
corresponding tetrad one-forms θIµ, I = 0, 1, 2, 3, so that the line element reads
ds2 = θI ⊗ θJηIJ , (2.3)
2The spacetime indices in (2.1) are raised with the use of the inverse metric gµν .
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where ηIJ is the Minkowski metric. Then, introducing an arbitrary time plus space split
I = (0, a) of the ”internal” index I, we can define a set of self-dual metric two-forms Σa :
Σa = iθ0 ∧ θa − 1
2
ǫabcθb ∧ θc . (2.4)
Here, the letters a, b, c are new SO(3) indices. It is convenient to distinguish between the
original SO(3) indices in Bi and the new index that appears in the metric two-forms Σa,
which justifies the notation. Let us also give an expression for a convenient basis in the
space of anti-self-dual two-forms:
Σ¯a = iθ0 ∧ θa + 1
2
ǫabcθb ∧ θc . (2.5)
Any other set of self-dual two-forms can be decomposed in the basis provided by Σa.
Thus, we can write
Bi = biaΣ
a . (2.6)
Therefore, the main dynamical field of the theory can always be chosen as a collection of a
metric gµν that, in turn, defines the metric forms Σ
a, together with the nine scalars forming
the matrix bia. These scalars will later be seen to be non-dynamical and determined by
other fields present in the system. We do not impose any independent reality conditions
on bia as such reality conditions are induced once b
i
a are determined in terms of other
fields. Thus, bia are in general complex fields. Note that, as the metric gµν undergoes
a conformal transformation gµν → Ω2gµν , the metric self-dual two-forms transform as
Σa → Ω2Σa. Thus, if the scalars bia transform as bia → Ω−2bia, then the original two-forms
Bi are unchanged. A certain normalization condition on the scalars bia will be introduced
below to fix this conformal freedom, thus fixing a particular metric from the conformal
class of (2.2).
2.2 The gravitational action
The vacuum theory of gravity under consideration is described by the following action:
S[B,A] =
i
8πG
∫ [
Bi ∧ F i(A)− 1
2
V
(
Bi ∧Bj)] . (2.7)
Here, Ai is an SO(3,C) connection field, F i(A) = dAi + (1/2)ǫijkAj ∧ Ak is its curvature,
and V (M ij) is a (holomorphic) function of a complex symmetric 3×3 matrix variableM ij .
It is required to be a homogeneous function of degree one: V
(
αM ij
)
= αV
(
M ij
)
for any
number α, so that it can be applied to a matrix-valued Bi ∧Bj four-form, with the result
being again a four-form; see [5] for more details. The function V (M ij) is also required
to be a scalar with respect to the SO(3,C) gauge transformations. In action (2.7), this
function plays the role of potential for the Bi field.
Using representation (2.6), let us introduce the “internal metric”
hij := biab
j
bδ
ab , (2.8)
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which is a symmetric 3 × 3 matrix, in general complex. It turns out to be useful to
parameterize it by its trace h = hijδij and trace-free part H
ij :
hij =
1
3
h
(
δij +H ij
)
. (2.9)
Then the potential V
(
Bi ∧Bj) gives rise to the SO(3,C)-invariant function V (hij), which
can be presented as follows:
V
(
hij
)
=
1
3
hU(H), U(H) = Λ0 − 1
8ℓ2
TrH2 +O (H3) . (2.10)
Here, U(H) is a function of the traceless matrix H ij with dimensions of curvature, and
we have expanded it in powers of H ij assuming that this potential function is analytic in
the neighborhood of H ij = 0. Below we will see that the case of hij = δij corresponds to
general relativity, so that the traceless matrixH ij parameterizes the deformation away from
GR. The constant term Λ0 in decomposition (2.10) will play the role of the cosmological
constant. The quantity ℓ is a new parameter of the theory with dimensions of length.
In principle, in the theory under consideration, there is scope for making this parameter
complex, but, in this paper, we shall only consider the simplest case of real ℓ. The numerical
constant in the expansion in (2.10) is introduced for future convenience. We will see that
only negative sign of the second term in (2.10) describes a theory without instabilities,
which explains our choice of this sign.
2.3 Coupling to matter
As we have stated in Sec. 2.1, the physical metric which universally couples to matter
belongs to the conformal class determined by the two-form field Bi. It is necessary to fix
the remaining conformal freedom and to specify this metric uniquely.
Under conformal transformations, described in the end of Sec. 2.1, the “internal met-
ric” introduced in (2.8) transforms as hij → Ω−4hij . One can specify the physical metric
by fixing the conformal ambiguity for hij . To do this, we introduce another scalar (holo-
morphic) function R
(
hij
)
of the matrix hij that is required to be homogeneous of degree
one in the components of hij : R
(
αhij
)
= αR
(
hij
)
. The conformal freedom of hij is then
fixed by the condition
R
(
hij
)
= 1 . (2.11)
While this prescription for fixing the physical metric may seem arbitrary at first, it can be
shown to arise quite naturally by considering the motion of a “small body” in the theory
described by (2.7); see [7].
We normalize the function R
(
hij
)
so that R
(
δij
)
= 1. The potential R
(
hij
)
can then
be decomposed similarly to (2.10):
R(h) =
1
3
hUm(H) , Um(H) = 1− g
2
TrH2 +O (H3) , (2.12)
where Um(H) is a new function of the traceless matrix H ≡ H ij , again assumed to be
analytic in the neighborhood of H ij = 0. The quantity g is a dimensionless parameter.
– 7 –
Just as with the case of ℓ, in the theory under consideration, there is scope for making the
parameter g complex. However, in this paper, we shall only consider the simplest case of
real ℓ and g. Note that, once the condition (2.11) is imposed, one can use it to express the
trace part of the matrix hij in terms of its traceless part.
We shall see that only the terms written in (2.10) and (2.12) are going to matter for
the linearized theory we are going to consider. Thus, the only new parameters that we will
have to consider on top of those available in GR are the length parameter ℓ in (2.10) and
the dimensionless constant g in (2.12) that can be of any sign.
In the class of theories under consideration, matter fields will in general couple to
the two-form Bi that plays the role of the fundamental geometrical field of the theory.
However, for the purposes of this paper, we assume that our matter content is “standard”
in the sense that our material components couple to the spacetime metric in the conformal
class defined by Bi and further selected by the condition (2.11). Thus, we assume that the
dependence of the matter action Sm on B
i is such that Sm[B] is a functional of gµν and
depends on the scalars bia solely via the function R(h). This allows us to write:
δSm =
∫ √
−det (gµν)
(
Tµνδg
µν +
∂Sm
∂R
∂R
∂bia
δbia
)
. (2.13)
However, since the two-form field Bi does not transform under the conformal transfor-
mations δgµν = εgµν , δb
i
a = −εbia, any material action that arises from Sm[B] is also
conformally-invariant. This immediately gives:
T =
∂Sm
∂R
∂R
∂bia
bia, (2.14)
where T := Tµνg
µν , or, using the homogeneity of R(h):
∂Sm
∂R
=
T
2R
. (2.15)
In other words, the variation of the material action contains the following two terms:
δSm =
∫ √
−det (gµν)
(
Tµνδg
µν +
T
2R
∂R
∂bia
δbia
)
. (2.16)
After the condition (2.11) is imposed, the quantity Tµν becomes the usual stress-energy
tensor of matter. We can anticipate already at this stage that the field equations will
contain terms involving the first derivative ∂R/∂bia of the potential R(h).
2.4 Field equations
The set of equations obtained by varying the full action of the theory (given by (2.7) plus
the material action) with respect to Ai (assuming that the material action does not depend
on Ai) is
dBi + ǫijkAj(B) ∧Bk = 0 . (2.17)
These equations are solved by
Aiµ(B) :=
1
2detB
BiρσBjρµ∇νBjνσ , detB := −
1
24
ǫijkBiµ
νBjν
ρBkρ
µ . (2.18)
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We note that this connection is conformally-invariant and has the correct transformation
properties of an SO(3) connection. That is, when the two-form field Biµν transforms as
δBiµν = ǫ
ijkωjBkµν , the connection transforms as δωA
i
µ = ǫ
ijkωjAkµ−∂µωi. A demonstration
of this involves a simple identity satisfied by the two-forms Biµν ; see [5]. We also note that,
in most cases, instead of using (2.18) for finding Ai(B), it is easier to solve (2.17) directly.
Once the connection Ai(B) is found, one computes its curvature:
F i := dAi +
1
2
ǫijkAj ∧Ak . (2.19)
The field equations then read, in the parametrization (2.6):
biaF
i [A(bΣ)] =
(
∂U
∂H ij
biab
j
b +
1
3
Λbiab
i
b
)
Σb+2πGT
(
∂Um
∂H ij
biab
j
b +
1
3
Λmb
i
ab
i
b
)
Σb−2πGTabΣ¯b .
(2.20)
Here, Λ and Λm are the Legendre transforms
Λ = U(H)− ∂U
∂H ij
H ij , Λm = Um(H)− ∂Um
∂H ij
H ij (2.21)
of the potentials U(H) and Um(H), respectively, T is the trace of the stress-energy tensor
of matter, Tab are the components of the traceless part of the stress-energy tensor, and Σ¯
a
are the anti-self-dual metric two-forms (2.5). For the matter in the form of ideal fluid, we
have
T = (ρ− 3p) , Tab = (ρ+ p)
(
δab
1− |u|2 + 2iǫabc
uc√
1− |u|2
)
− 3Sab , (2.22)
where ρ and p are the energy density and pressure, respectively, ua is (proportional to) the
momentum vector, and Sab is the traceless matrix describing shear.
As anticipated in the previous subsection, the right-hand side of our field equations
includes a term proportional to the trace T of the stress-energy tensor and containing the
first derivative of the potential function R(h) (or Um(H)) of the material sector. The
remainder of the dependence of the right-hand side of (2.20) on the stress-energy tensor
components can be easily understood by working out how matter couples to gravity in the
so-called Pleban´ski formulation of GR; see, e.g., [8]. The only change in the present case as
compared to GR in the Pleban´ski formulation is in the appearance of the derivative terms
∂Um(H)/∂H. A detailed derivation of the field equations (2.20) can be found in [7].
In (2.21), we have introduced the “cosmological function” Λ as the Legendre transform
of U(H). When H ij = 0, the above field equations reduce to those of GR in Pleban´ski
formulation. For later purposes, we note that the function Λ is, in fact, a function Λ(Ψ)
of the quantity
Ψ ≡ Ψij := ∂U
∂H ij
(2.23)
that can be related to the usual Weyl curvature (at least for small deviations from GR).
It is equally possible to parameterize the theory either by the original potential U(H) or
by its Legendre transform Λ(Ψ). However, as we shall discuss in more detail a little below,
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the nature of the modification becomes more clear in the Λ(Ψ) parametrization. This is
due to the fact that the field H ij that measures the departure from GR arises in this
parametrization as the first derivative
H ij = − ∂Λ
∂Ψij
(2.24)
of the cosmological function Λ. Thus, for a function Λ(Ψ) which is constant in its domain
to a high degree, the deviations from GR are small.
2.5 Large-distance modifications
As we have already mentioned in the introduction, the class of theories under investiga-
tion can be viewed as ultraviolet modifications of gravity. This is most clearly seen in
the parametrization of the theory by the potential U(H). When it is expanded around
H ij = 0, the first non-trivial term contains a mass parameter m2 = 1/ℓ2, and modifica-
tions away from GR only manifest themselves at energies E larger than m. The low-energy
limit E ≪ m of any of our theories is given by GR. However, when the theory is looked
at non-perturbatively, e.g., in the Hamiltonian formulation (see [9]), one finds that the
parametrization by the Legendre transform Λ(Ψ) of U(H) is more natural. More specifi-
cally, one finds that the departure of the theory from GR is connected with the fact that
the cosmological constant becomes a function Λ(Ψ) of what in GR used to be the Weyl
part of the Riemann curvature tensor. The parametrization by Λ(Ψ) then allows one to
arrange for modification of gravity at any desirable scale of curvatures while keeping it
close to GR at the scales of the Solar System. Indeed, the theory behaves close to GR
whenever the first derivative (2.24) of the function Λ(Ψ) is small. Thus, to be consistent
with the Solar-System tests of gravity, one should assume the function Λ(Ψ) to be approx-
imately constant in the range of curvatures probed in the solar neighborhood. One can
then allow Λ(Ψ) to vary in the range of curvatures much smaller than those in the Solar
System, which will produce deviations from GR at large distances (see [4] as well as a more
accessible exposition [10]). Thus, according to our modification scenario, the value of the
cosmological constant in the Solar System can be different from the value Λ0 measured in
cosmology, with the function Λ(Ψ) interpolating between these two values. The parameter
ℓ2 arising in (2.10) is then given by the second derivative of the function Λ(Ψ) at Ψij = 0.
Since gravity is not tested directly at very large distances, there are only very weak direct
constraints on this parameter. As we shall see, a study of the physics of the cosmic mi-
crowave background (CMB) and formation of the large-scale structure as predicted by this
theory will place much stronger constraints on the value of ℓ.
Another important point that we would like to make is in the following. A detailed
analysis shows that, as the first derivative (2.24) of Λ(Ψ) becomes of order unity (in the
sense that any of the eigenvalues of the symmetric traceless matrix H ij become of order
one), the theory under consideration develops a specific degeneracy, which results in a
singularity of metric (2.2) [4]. It can also be argued that it is no longer consistent to use
the classical theory in this regime because quantum effects become important. Thus, it is
necessary to avoid this regime if one wants to remain in the domain of applicability of the
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classical physics, which is usually the case for large distances of relevance for cosmology.
Therefore, the classical theory will remain applicable only when the condition∣∣∣∣ ∂Λ∂Ψij
∣∣∣∣≪ 1 (2.25)
is satisfied. This condition can be rephrased by saying that the departure from GR as
measured by the quantity (2.24) must be small. We assume this condition in what follows.
2.6 The cosmological constant and vacuum energy
In general relativity, the cosmological constant Λ can be regarded as corresponding to
the energy density of the vacuum, and one is free to absorb it in the energy density and
pressure or into the scalar-field potential V (ϕ) in all equations without exception. That is,
the transformation
Λ→ Λ− λ , ρ→ ρ+ λ
8πG
, p→ p− λ
8πG
(2.26)
in the case of ideal fluid or
Λ→ Λ− λ , V (ϕ) + λ
8πG
(2.27)
in the case of scalar field leaves invariant all equations of the theory.
In the theory under consideration, this property is true only for the equations describing
the homogeneous and isotropic universe, which are the same as in general relativity. It is not
true in the general case, which can be seen in (2.20), in which the trace of the stress-energy
tensor of matter T enters differently from the genuine cosmological constant Λ0 [present in
the “cosmological function” Λ(Ψ)]. This feature of the theory of modified gravity persists
in the equations for cosmological perturbations, as we shall see below. An exception is the
special case when the parameter ℓ2 is fixed to be ℓ2 = 1/4gΛ0. In this case, the invariance
with respect to (2.26) is restored at the level of linear perturbations.
3. Homogeneous and isotropic universe
Consider a homogeneous and isotropic background described by the two-forms Bi0. On
such a background, the traceless matrix H ij describing the departure from GR is equal to
zero due to the spacetime symmetries. Thus, we have H ij0 = 0, and we can choose the
scalars bi0a = δ
i
a, so that B
i
0 = Σ
i
0. The background equations are then the Friedmann
equations in the Pleban´ski formalism:
F i [A(Σ0)] =
2πGT0 + Λ0
3
Σi0 − 2πGT¯0Σ¯j0 . (3.1)
Here,
T0 := (ρ− 3p), T¯0 := (ρ+ p) (3.2)
are the components of the background stress-energy tensor. We emphasize that the back-
ground evolves in our theory in exactly the same way as in GR. Modifications only arise
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in the dynamics of perturbations. This is, however, the story for an ideally homogeneous
backgrounds. In reality, there are inhomogeneities on various scales that need to be aver-
aged over. It is natural to expect that this will introduce modifications of the background
equations as well, to be taken into account. However, since the averaging issue is not fully
understood even in the simpler case of GR, we postpone such an analysis to our future
publications, and, in this paper, study the cosmological perturbations around an ideally
homogeneous and isotropic background.
In the conformal time η, the metric of a spatially flat homogenous and isotropic universe
is:
ds20 = a
2(η)
[
dη2 −
∑
i
(
dxi
)2]
. (3.3)
In what follows, we often omit the argument of the scale factor a(η).
A set of self-dual and anti-self-dual two-forms describing this metric can be chosen as
Σi0 = a
2
(
idη ∧ dxi − 1
2
ǫijkdxj ∧ dxk
)
, Σ¯i0 = a
2
(
idη ∧ dxi + 1
2
ǫijkdxj ∧ dxk
)
. (3.4)
The connection Ai0 compatible with the set of self-dual two-forms Σ
i
0, i.e., satisfying dΣ
i
0+
ǫijkAj0 ∧ Σk0 = 0, is given by
Ai0 = iHdxi , (3.5)
where
H := a
′
a
, (3.6)
and the prime denotes the derivative with respect to the conformal time η. The curvature
F i = dAi + 12ǫ
ijkAj ∧Ak of connection (3.5) is given by
F i0 =
1
2a2
(H′ +H2)Σi + 1
2a2
(H′ −H2) Σ¯i , (3.7)
where we have used the relations
dη ∧ dxi = 1
2ia2
(
Σi0 + Σ¯
i
0
)
, dxi ∧ dxj = 1
2a2
ǫijk
(
Σ¯k0 − Σk0
)
(3.8)
to decompose F i0 into its self-dual and anti-self-dual parts.
Substituting (3.7) into (3.1), we obtain the dynamical equations for the background.
The condition that the self-dual and anti-self-dual parts of the field equations are separately
satisfied gives two equations whose symbolic linear combinations Σ − Σ¯ and 3Σ + Σ¯ are
just the Friedmann equations
H2
a2
=
8πGρ
3
+
Λ0
3
,
2H′ +H2
a2
= −8πGp + Λ0 . (3.9)
4. Linearized field equations
Linearizing the field equations (2.20) around the homogeneous and isotropic background,
we denote the perturbation of a quantity by a symbol δ next to the symbol representing
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it. There arises a perturbation of the metric two-forms δΣi as well as a perturbation of
the scalars δbia. Using the fact that B
i
0a = δ
i
a, now we can identify the two types of SO(3)
indices. Thus, from now on we drop the distinction between the two types, and use only
the i, j, k indices. The condition R
(
hij
)
= 1 implies, at the first order in perturbation,
that the matrix δbij is traceless. The perturbations of the metric hij and of its trace-free
part are then δhij = δH ij = 2δb(ij). Since H ij0 = 0, the first-order perturbation of the
quantity TrH2 that appears in the potential functions is zero. Thus, δΛ = 0 and δΛm = 0.
After some algebra, the linearized field equations are found to be
δF i+δbijF j0 =
2πG
3
δTΣi0−2πGδT ijΣ¯j0+
2πGT0 + Λ0
3
δΣi−2πGT¯0δΣ¯i−4πGκ δbijΣj0 . (4.1)
Only the last terms on the left-hand side and on the right-hand side of this equation are
not present in GR, with all other terms being exactly like in the Pleban´ski formulation of
GR. The perturbation of the components of the stress-energy tensor of fluid is given by
δT = δρ− 3δp , δT ij = (δρ + δp)δij + 2iǫijkδuk − 3δSij , (4.2)
where, for convenience, we have absorbed the factor ρ + p into the momentum vector ui.
The quantity δF i is the linearized curvature corresponding to the perturbation of the Bi
field given by
δBi = δbijΣj0 + δΣ
i , (4.3)
where δΣi is the perturbation of the metric self-dual two-forms (see below for explicit
expressions). In (4.1), we have introduced a new parameter κ with dimensions of the
energy density:
κ :=
(
g − 1
3
)
T0 +
1
8πG
(
1
ℓ2
− 4
3
Λ0
)
= β(ρ− 3p) + γρΛ , (4.4)
where T0 = ρ − 3p is the trace of the material stress-energy tensor, ρΛ = Λ0/8πG is the
energy density of the cosmological constant, and ℓ and g are defined in (2.10) and (2.12),
respectively. The quantities β and γ are two new convenient dimensionless parameters:
β = g − 1
3
, γ =
1
ℓ2Λ0
− 4
3
. (4.5)
These parameters have the following meaning. The parameter γ determines the deviation
of the gravitational potential V
(
hij
)
from one given by V
(
hij
)
= Λ0R
(
hij
)
. This case
corresponds to 4β = γ and describes the theory that couples in the same way to the
cosmological constant and to the trace of the stress-energy tensor. The parameter β controls
the deviation of the physical metric from the so-called Urbantke metric which coincides
with (2.2) precisely. The value β = 0 corresponds to coupling of matter to the Urbantke
metric. Finally, the limit to GR is obtained by keeping β fixed (and arbitrary), and sending
ℓ → 0 (thus γ → ∞) keeping the product γ δBij fixed. To summarize, schematically we
have:
β = 0 ⇐⇒ coupling to the Urbantke metric , γ →∞ ⇐⇒ limit to GR . (4.6)
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Now, using the expression (3.7) for the background curvature and equations (3.1), we
get
2πGT0 +Λ0
3
=
H2 +H′
2a2
, 2πGT¯0 =
H2 −H′
2a2
. (4.7)
The linear equations for perturbations can then be written in the form
δBijF j0 + δF
i − 1
2a2
(H2 +H′)δΣi + 1
2a2
(H2 −H′)δΣ¯i
=
2πG
3
δTΣi0 − 2πGδT ijΣ¯j0 − 4πGκ δBijΣj0 , (4.8)
where the stress-energy perturbations of the fluid are given, as before, by
δT = (δρ− 3δp), δT ij = (δρ + δp)δij + 2iǫijkδuk − 3δSij , (4.9)
and δBij is the non-metric part of the perturbation (see the next section for explicit expres-
sions). This form of the linearized equations is most convenient for further calculations.
5. Classification of perturbations
A general infinitesimal perturbation of the background (3.4) can be decomposed into the
background two-forms:
δBi = δΦijΣj0 + δΥ
ijΣ¯j0 . (5.1)
However, it is clear that much of this perturbation is a gauge transformation. Indeed,
the anti-symmetric part δΦ[ij] describes an infinitesimal SO(3) rotation of the triple of
two-forms Σi and is thus a pure gauge. Moreover, some part of the general perturbation
(5.1) is an infinitesimal diffeomorphism of the background (3.4). To separate the physical
quantities from the gauge ones, we thus need to compute the effect of an infinitesimal
diffeomorphism on the background (3.4). The Lie derivative of Bi, suitably corrected by
a gauge transformation, can be shown to be given by LξBi = DBi(ξ), where Bi(ξ) is the
interior multiplication of a vector field ξ with two-form Bi, and D is the covariant derivative
with respect to the B-compatible connection. For the background (3.4), a straightforward
but lengthy calculation gives
LξΣi0 =
1
2
[
4Hξ0 + ξ0′ +∆ζ]Σi0 + ξ[i,j]Σj0 + i2ǫijk [2H(ξj + ζ,j) + (ξj + ζ,j)′ + ξ0,j]Σk0
+
1
2
[
ξ0′ −∆ζ] Σ¯i0 + [ξ(i,j) + ζ,ij] Σ¯j0 + i2ǫijk [(ξj + ζ,j)′ − ξ0,j] Σ¯k0 . (5.2)
Here, we have decomposed the vector field ξ into its components ξ =
(
ξ0, ξi + ζ,i
)
, where
ξi is transverse ξ
i
,i = 0. We see that the effect of a diffeomorphism is a change in the
metric described by Σi0 together with a gauge transformation on Σ
i
0. The latter can always
be corrected by an SO(3) rotation, which allows us to drop the anti-symmetric part of
the tensor δΦij from now on. Note that diffeomorphisms do not affect the symmetric
traceless part of δΦij , i.e., they do not act on the non-metric3 components of the Bi field.
3We shall often refer to the non-dynamical scalars present in Bi in addition to the metric as its “non-
metric” components.
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In principle, this could have been expected, for they act in the spacetime manifold, not in
the internal space, where the non-metric components of Bi reside.
Let us now consider the usual classification of perturbations into scalar, vector and
tensor sectors and deduce the most general form of these perturbations after all gauge
freedom is fixed.
5.1 Scalar sector
Scalar perturbations are described by scalar functions, so that we have
δΦij = φδij +
1
a2
(
χ,ij − 1
3
δij∆χ
)
+
i
4
ǫijkθ,k , (5.3)
δΥij = ψδij +
1
a2
(
σ,ij − 1
3
δij∆σ
)
+
i
4
ǫijkω,k . (5.4)
Here, we have introduced the factors 1/a2 for future convenience, φ and ψ are the trace
parts, χ and σ are the scalar parts of the traceless symmetric parts, and θ and ω are the
scalar parts of the anti-symmetric parts of the self-dual and anti-self-dual perturbations,
respectively. It is easy to see that diffeomorphism (5.2) can be used to set the scalars σ
and ω to zero, while an SO(3) gauge transformation can be used to set to zero the scalar
θ. Thus, we are led to consider the following “physical” scalar perturbations:
δBi = δBijΣj0 + φΣ
i
0 + ψΣ¯
i
0 , (5.5)
where we have introduced a convenient notation for the non-metric part
δBij =
1
a2
(
χ,ij − 1
3
δij∆χ
)
. (5.6)
In other words, the scalar perturbation (5.5) is a sum of a non-metric perturbation δBijΣj0
and the usual metric perturbation
δΣi = φΣi0 + ψΣ¯
i
0 . (5.7)
The potential χ can, in general, be complex, while φ and ψ are real. The potential χ
does not have a counterpart in GR, while the two potentials φ and ψ have a very simple
relation to the standard GR potentials appearing in the scalar perturbation of the metric:
ds2 = a2
[
(1 + 2ΦGR) dη
2 − (1− 2ΨGR)
∑
i
(
dxi
)2]
. (5.8)
An elementary calculation shows the relation between ΦGR, ΨGR and the potentials φ, ψ
in (5.5):
ΦGR =
3ψ + φ
2
, ΨGR =
ψ − φ
2
. (5.9)
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5.2 Vector sector
The most general perturbation of the vector type can be reduced to
δBi = 2
[
ζ(i,j)Σj0 + ξ
(i,j)Σ¯j0
]
, (5.10)
where the vector potentials ζ i and ξi are transverse, ζ i,i = ξ
i
,i = 0, and ζ
i may be complex.
Alternatively, it is a sum of a non-metric perturbation δBijΣj0 with
δBij = 2ζ(i,j) (5.11)
and a metric one:
δΣi = 2ξ(i,j)Σ¯j0 . (5.12)
5.3 Tensor sector
Perturbations of the tensor type that correspond to gravitons are given by
δBi =
1
a2
χijΣj + ρijΣ¯j , (5.13)
where both χij and ρij are symmetric, traceless and transverse
(
χij ,i = ρ
ij
,i = 0
)
matrices,
and χij may be complex while ρij is real (see, however, Appendix). Again, the perturbation
is a sum of a non-metric one
δBij =
1
a2
χij (5.14)
and a metric one
δΣi = ρijΣ¯j0 . (5.15)
6. Scalar perturbations
6.1 Curvature
In this section, we consider the important case of scalar perturbations in detail. First
of all, we compute the connections and then (linearized) curvatures for the perturbations
described by φ, ψ, and χ. To compute the perturbation of the B-compatible connection for
a perturbation δBi, one has to solve the algebraic equations D0(δBi) + ǫijkδAj ∧ Σk0 = 0,
where Σi0 is the background two-form. The curvature of an infinitesimal connection δA
i is
then given by F i(δA) = D0δAi, where D0 is the covariant derivative with respect to the
background connection. The computations are straightforward, but rather lengthy. The
expressions for the connection components are:
δAiφ =
i
2
φ,idη +
1
2
(
iφ′δij − ǫijkφ,k
)
dxj , (6.1)
δAiψ =
3i
2
ψ,idη − 1
2
[
i
(
a4φ
)′
a4
δij − ǫijkφ,k
]
dxj , (6.2)
δAiχ = −
2i
3a2
∆χ,idη − 1
3
ǫijk∆χ,kdx
j − i
a3
(
aχ,ij − a
3
∆χδij
)′
dxj . (6.3)
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The expressions for the curvatures, decomposed into their self-dual and anti-self-dual
parts, are
DδAiφ =
1
4a2
(
φ′′ −∆φ+ 2Hφ′)Σi0
+
1
4a2
[
−2φ,ij + δij(φ′′ +∆φ) + 2iǫijk
(
φ,k
a
)′
a− 2Hφ′δij
]
Σ¯j0 , (6.4)
DδAiψ = −
1
4a2
[
4ψ,ij + δij(ψ
′′ −∆ψ) + 4δij
(
H′ψ + 2H2ψ + 3
2
Hψ′
)]
Σj0
− 1
4a2
[
2ψ,ij + δij(ψ
′′ +∆ψ) + 4δij
(
H′ψ − 2H2ψ + 1
2
Hψ′
)
+ 2iǫijk
(a3ψ,k)
′
a3
]
Σ¯j0 , (6.5)
DδAiχ = −
1
2a4
[(
∂2η − 2H∂η −∆− 4H2
)(
χ,ij − 1
3
δij∆χ
)]
Σj0
− 1
2a4
[(
∂2η −
1
3
∆
)(
χ,ij − 1
3
δij∆χ
)]
Σ¯i0
+
i
3a4
ǫijk∆χ
′
,kΣ¯
j
0 +
2
9a4
∆2χΣ¯i0 − δBijF j0 , (6.6)
where δBij in the last formula is given by (5.6), and F i0 is the background curvature (3.7).
The differential operators in brackets act only on χ but not on the background forms Σi0.
6.2 Field equations
Now we can substitute the expressions for the curvatures obtained above into the linearized
field equations (4.8). For the scalar sector, the sources are
δT = δρ− 3δp, δT ij = (δρ+ δp)δij + 2i
a
ǫijkδu,k − 3
(
δS,ij − 1
3
δij∆δS
)
, (6.7)
where we have introduced a convenient normalization of the scalar part of the velocity
perturbation δu. The resulting equations are most usefully separated into the symmetric
traceless, antisymmetric, and trace parts of the matrices arising in front of the background
two-forms Σi0 and Σ¯
i
0. Let us first analyze the symmetric trace-free parts. After removing
the directional derivatives and multiplying by a2 in the self-dual sector, and by 2a2 in the
anti-self-dual sector, the self-dual and anti-self-dual parts give, respectively,
ψ +
1
2a2
(
χ′′ − 2Hχ′ −∆χ− 4H2χ) = 4πGκχ , (6.8)
φ+ ψ +
1
a2
(
χ′′ − 1
3
∆χ
)
= −12πGa2δS . (6.9)
It is more convenient, however, to consider these equations as those determining the usual
relativistic potentials ΨGR and ΦGR; see (5.9). We have
ΨGR :=
ψ − φ
2
= 4πGκχ +
1
a2
(
1
3
∆χ+Hχ′ + 2H2χ
)
+ 6πGa2δS , (6.10)
ΦGR :=
φ+ 3ψ
2
= 4πGκχ+
1
a2
(
−χ′′ + 2
3
∆χ+Hχ′ + 2H2χ
)
− 6πGa2δS . (6.11)
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The difference between the relativistic potentials is given by
ΨGR − ΦGR = 1
a2
(
χ′′ − 1
3
∆χ
)
+ 12πGa2δS . (6.12)
Thus, even in the absence of shear, the relativistic potentials ΨGR and ΦGR are not equal
to each other in our theory, which is typical of modified gravity.
The antisymmetric part is only present in the anti-self-dual sector. After removing the
directional derivative and multiplying by ia2, one obtains
Ψ′GR +HΦGR −
1
3a2
∆χ′ = 4πGaδu , (6.13)
which, after solving for the perturbations ΨGR, ΦGR, and χ, will determine the scalar part
of the 4-velocity perturbation. Finally, the trace parts of the arising equations are most
convenient in their schematic linear combinations Σ− Σ¯ and 3Σ + Σ¯. Using the equations
of motion for the background, after some simple algebra, we get
∆ΨGR − 3HΨ′GR − 3H2ΦGR −
1
3a2
∆2χ = 4πGa2δρ , (6.14)
Ψ′′GR + 3HΨ′GR + (2H′ +H2)ΨGR +
1
3
∆(ΦGR −ΨGR) +H(ΦGR −ΨGR)′
+ (2H′ +H2)(ΦGR −ΨGR)− 1
9a2
∆2χ = 4πGa2δp . (6.15)
Thus, the arising equations are exactly like in GR apart from the presence of simple addi-
tional terms containing χ.
6.3 Conservation equations
The following standard conservation equations hold in the theory under consideration:
δρ′ + 3H(δρ+ δp) = 3(ρ+ p)Ψ′GR +
1
a
∆δu , (6.16)
δu′ + 3Hδu = aδp + a(ρ+ p)ΦGR + a∆δS . (6.17)
This can be verified directly using equations (6.9), (6.10), and (6.13) above. Note that the
field χ, responsible for the modification, does not appear in these equations. This is of no
surprise as the stress-energy is conserved in this theory in the usual way.
6.4 Equations for the “non-metricity” scalar χ
At this point, the usual GR procedure would be to use the fact that ΦGR = ΨGR (in
the absence of shear) and obtain a system of equations for one of the potentials. In our
case, this is not possible because any such equation will involve contributions containing
the nonmetric scalar χ. However, it is possible to obtain a closed system of equations for
this scalar. Thus, we solve for ΦGR and ΨGR in terms of the new potential χ and deal
with differential equations for χ. The resulting equations are not simple, but it is worth
presenting them here to show that their structure is similar to the corresponding equations
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in GR. Thus, we now substitute ψ + φ = ΦGR − ΨGR, ΨGR, and ΦGR from (6.9), (6.10),
and (6.11), respectively, into (6.14) and (6.15), and, after some lengthy algebra, obtain
4πGa2δρ = ∆(4πGκχ) − 3H (4πGκχ)′ − 3H2 (4πGκχ)
+
2
a2
[
H2∆χ− 3H
2
χ′
(H′ +H2)+ 3H2 (H2 − 2H′)χ]
+ 6πGa2
[
∆δS − 3H (δS ′ +HδS)] , (6.18)
4πGa2δp = (4πGκχ)′′ + 3H (4πGκχ)′ + (2H′ +H2) (4πGκχ)
+
2
a2
[
H2χ′′ + 1
3
∆χ
(H′ −H2)+ 1
2
χ′
(H′′ + 7H′H− 3H3)
+ χ
(
2H′′H + 2H′2 − 2H2H′ −H4)]
+ 6πGa2
[
δS ′′ + 5H (δS ′ +HδS)− 2
3
∆δS
]
. (6.19)
Similarly, substituting ΨGR and ΦGR into (6.13), we get
4πGaδu = (4πGκχ)′ +H (4πGκχ) + 1
a2
[
χ′
(H′ +H2)+ 2χH (2H′ −H2)]
+ 6πGa2
(
δS ′ +HδS) . (6.20)
This equation determines the scalar part of the velocity perturbation once the perturbations
χ and δS have been found.
Now, introducing the speed of sound cs via
δp = c2sδρ+ τδE , (6.21)
we can write a single dynamical equation for χ with the entropy perturbation δE as the
source. It reads:
4πGa2τδE = (4πGκχ)′′ − c2s∆(4πGκχ) + 3H(1 + c2s) (4πGκχ)′
+
[
2H′ +H2 (1 + 3c2s)] (4πGκχ)
+
2
a2
(
H2χ′′ + 1
3
∆χ
[H′ −H2 (1 + 3c2s)]
+
χ′
2
[H′′ +H′H (7 + 3c2s)+ 3H3 (c2s − 1)]
+ χ
[
2H′′H + 2H′2 − 2H2H′ (1− 3c2s)−H4 (1 + 3c2s)]
)
+ 6πGa2
[
δS ′′ + (5 + 3c2s)H (δS ′ +HδS) −
(
2
3
+ c2s
)
∆δS
]
. (6.22)
In the absence of shear (δS = 0), this dynamical equation can be solved for χ, after which
one can compute all other quantities of interest, such as the relativistic potentials and
perturbations of energy density and pressure.
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6.5 New relativistic potential
The obtained complicated equations for χ can be considerably simplified by introducing a
new quantity
Φ :=
(
4πGκ +
2H2
a2
)
χ . (6.23)
One rationale for considering precisely this combination is the identity that follows directly
from (6.18) and (6.20):
4πGa2
(
δρ+
3H
a
δu− 3
2
∆δS
)
= ∆Φ . (6.24)
Precisely the same identity holds in the case of GR with Φ on the right-hand side of this
equation being the relativistic potential ΦGR, which suggests that the quantity Φ should
play the role of the main relativistic potential in our theory. Below we shall see that this
expectation is realized.
Anticipating the role that Φ is going to play, it is illuminating to rewrite the main
dynamical equation (6.22) in terms of Φ. Most of the terms in this equation combine into
the usual GR-type equation for the potential Φ. Few terms remain, however, and these are
the contributions due to non-metricity. It is most convenient to write them in terms of χ.
We get:
4πGa2τδE = Φ′′ − c2s∆Φ+ 3H
(
1 + c2s
)
Φ′ +
[
2H′ +H2 (1 + 3c2s)]Φ
+ 6πGa2
[
δS ′′ + 5H (δS ′ +HδS)− 2
3
∆δS
]
− 8πG
3
(ρ+ p)∆χ− 4πG (p′ − c2sρ′)χ′ . (6.25)
Here the part which does not contain χ is the standard GR dynamical equation for the
potential Φ, while the part containing χ is the modification due to non-metricity. In
obtaining (6.25), we used the background field equations. Let us also give an expression
for the constraint (6.18) in terms of the potential Φ. Again using the background equations,
we obtain
4πGa2δρ = ∆Φ− 3HΦ′ − 3H2Φ+ 6πGa2 [∆δS − 3H (δS ′ +HδS)]− 4πGρ′χ′ . (6.26)
The last term here is the contribution due to non-metricity. One can also give an equation
for the velocity perturbation in terms of the new potential:
4πGaδu = Φ′ +HΦ+ 6πGa2 (δS ′ +HδS)− 4πG(ρ+ p)χ′ . (6.27)
Finally, we will also need an expression for equation (6.19) in terms of the new potential
Φ :
4πGa2δp = Φ′′ + 3HΦ′ + (2H′ +H2)Φ+ 6πGa2 [δS ′′ + 5H (δS ′ +HδS) − 2
3
∆δS
]
− 8πG
3
(ρ+ p)∆χ− 4πGp′χ′ . (6.28)
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6.6 Applicability limits of the theory
As we have discussed above, our classical theory is applicable in the case of small deviations
from the “metric” behavior, which is quantitatively expressed as (2.25). Since we have
(2.24) and, in the linear theory, according to (5.6),
H ij ≈ δBij = 1
a2
(
χ,ij − 1
3
δij∆χ
)
, (6.29)
we have the following condition:
k2
a2
|χ| = k
2
a2
∣∣∣∣ Φ4πGκ + 2H2/a2
∣∣∣∣≪ 1 . (6.30)
This condition is not stronger than the usual condition of smallness of density contrast:∣∣∣∣∣δρ+ 3(H/a)δu −
3
2∆S
ρ
∣∣∣∣∣≪ 1 ⇐⇒ 2k
2
3H2 − Λ0a2 |Φ| ≪ 1 , (6.31)
provided the denominator 4πGκ+2H2 in (6.30) does not approach zero sufficiently closely.
We have to assume that this never happens and that always
2πGκ+
H2
a2
> 0 . (6.32)
Note that this condition is also necessary in order that the change of variable (6.23) be non-
degenerate. Recalling the definition (4.4) of κ, we obtain a constraint on the parameter
β or g by considering a dust-dominated universe: β > −4/3, or g > −1. Considering
the inflationary universe with p ≈ −ρ, we get a stronger condition β > −1/3, or g > 0.
Finally, considering the “stiff” matter with p = ρ (which is realized, e.g., by the kinetically-
dominated regime of a scalar field), we have the constraint β < 2/3, or g < 1. Thus, the
physical values of g or, respectively, β = g − 1/3 lie in the domain
0 < g < 1 , −1
3
< β <
2
3
. (6.33)
In a similar way, we obtain a constraint on the parameter γ by considering a universe
which is dominated by the cosmological constant: γ > −4/3. An even stronger condition
can be obtained by considering a radiation-dominated universe. We then have:
γ > 0 . (6.34)
We, therefore, assume that inequalities (6.33) and (6.34) are satisfied by a large margin.
In particular, the quantity β cannot be much larger than unity by absolute value.
7. Evolution of scalar perturbations
7.1 Inflation
The primordial spectrum of perturbations is obtained in the inflationary paradigm. There-
fore, we start with application of our theory to the simplest model of inflation based on a
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single inflaton field ϕ. We assume that the inflaton has the usual coupling to the metric
defined by the B-field. Then its action can be written as
S[ϕ] =
∫
d4x
√
−det (gµν) [gµν∂µϕ∂νϕ− V (ϕ)] , (7.1)
where gµν is the metric defined by B.
The background field equations for ϕ take the usual form
H2 = 8πG
3
[
1
2
ϕ′2 + a2V (ϕ)
]
+
Λ0a
2
3
, H2 −H′ = 4πGϕ′2 , (7.2)
where, as before, the prime denotes the derivative with respect to the conformal time.
The equations for perturbations can be obtained from the general equations (6.18) and
(6.20) by substituting appropriate expressions for δρ and δu:
δρ→
(
ϕ′
a
)2 [(δϕ
ϕ′
)′
− 2Hδϕ
ϕ′
− ΦGR
]
, δu→ ϕ
′
a
δϕ . (7.3)
From these expressions, we find
δρ+
3H
a
δu =
(
ϕ′
a
)2 [(δϕ
ϕ′
)′
+Hδϕ
ϕ′
− ΦGR
]
. (7.4)
To obtain a dynamical equation for perturbations, it remains to express this quantity in
terms of the potential Φ using (6.24). For this purpose, we first use equation (6.13) to
express ΦGR in terms of the potential ΨGR:
HΦGR =
(H2 −H′) δϕ
ϕ′
+
1
3a2
∆χ′ −Ψ′GR , (7.5)
where we have used expression (7.3) for δu as well as the background field equations (7.2).
Substituting (7.5) into (7.4) and once again using the background field equations, we can
write equation (6.24) as follows:
H2 −H′
H
(
Hδϕ
ϕ′
+ΨGR
)′
− H
2 −H′
3a2H ∆χ
′ = ∆Φ , (7.6)
where, as before, Φ is given by (6.23).
Now we use expressions (6.20) and (6.10), respectively, for δu and ΨGR in terms of χ
to transform the expression in the brackets of (7.6) into the following form:
Hδϕ
ϕ′
+ΨGR =
H2/a2
H2 −H′
(
a2Φ
H
)′
+
1
3a2
∆χ , (7.7)
where we have used the definition (6.23) of the potential Φ. Combining equations (7.6)
and (7.7), we see that the term containing ∆χ′ cancels. The remaining term with ∆χ can
be converted to a term with ∆Φ by using the relation (6.23) between χ and Φ. The final
equation for the potential Φ is
H2 −H′
H
[
H2/a2
H2 −H′
(
a2Φ
H
)′]′
=
[
1 +
H2 −H′
3 (H2 + 6πGa2κ)
]
∆Φ . (7.8)
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Let us also present it in terms of the derivatives with respect to the physical time:
H˙
H
∂t
[
H2
aH˙
∂t
(
aΦ
H
)]
=
[
1− H˙
3 (H2 + 6πGκ)
]
∆Φ
a2
. (7.9)
Apart from the term on the right-hand side proportional to H˙, this is the usual equation
for the evolution of the relativistic potential during inflation. Note that the denominator
H2+6πGκ in the last term on the right-hand side of (7.9) is positive by virtue of constraints
(6.33).
The quantity 6πGκ in the case under consideration is given by the expression
6πGκ = 2πG(3g − 1)(ρ− 3p) + 3
4ℓ2
− Λ0 = (3g − 1)
(
3H2 +
3
2
H˙
)
+
3
4ℓ2
− 3gΛ0 . (7.10)
As we have already noted in Sec. 2.6, the equations for perturbations, in general, are not
invariant under the simultaneous change
Λ0 → Λ0 − λ , V (ϕ) + λ
8πG
, (7.11)
which would be the case in general relativity. However, they are invariant after an addi-
tional change
1
ℓ2
→ 1
ℓ2
− 4gλ . (7.12)
In particular, such a transformation will arise in the case where the parameter ℓ2 is fixed
to be ℓ2 = 1/4gΛ0.
During the inflationary epoch, we have |H˙| ≪ H2, and one can neglect the term
containing H˙ on the right-hand side of (7.9). Thus, we can argue that the evolution of
inflation-generated perturbations is unchanged in the theory under consideration, and we
can take the standard flat spectrum for the potential Φ as initial conditions. This conclusion
for the generated spectrum can be justified as follows. Equations (6.24) and (7.4) imply
the relation
∆Φ + 4πGϕ′2ΦGR =
4πGϕ′2
a
(
aδϕ
ϕ′
)′
. (7.13)
On spatial scales smaller than the Hubble scales, with the comoving wavenumber k satis-
fying k2 ≫H2, we can neglect the self-gravity of the scalar field and quantize the inflaton
perturbation δϕ on the background of a homogeneous and isotropic inflationary universe,
obtaining the standard spectrum for the modes δϕk. Then we can use equation (7.13) to
match the quantities Φ and δϕ on small (sub-Hubble) spatial scales during inflation. In
doing this, the term 4πGϕ′2ΦGR in (7.13) can be neglected (just as it is the case with a
similar term in GR) since, according to (6.11), it is estimated as
4πGϕ′2ΦGR = 4πGϕ
′2 [Φ+O (H−1)Φ′ +O (H−2)Φ′′ +O (H−2)∆Φ] , (7.14)
and is small in view of the condition k2 ≫ H2 ≫ 4πGϕ′2. Thus, the quantity Φ on small
scales will acquire the standard amplitude with scale-invariant spectrum and then will
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evolve according to equation (7.9), which, as we noted, differs negligibly from the standard
inflationary equation for the relativistic potential.
In the regime of very long wavelengths, we can neglect all terms with Laplacians. In
this case, equation (7.13) implies the relation
ΦGR ≈ 1
a
(
aδϕ
ϕ′
)′
=
(
δϕ
ϕ′
)′
+
Hδϕ
ϕ′
. (7.15)
Substituting this into (7.3), we get
δρ ≈ −3H
(
ϕ′
a
)2 δϕ
ϕ′
= −3H
a2
ϕ′δϕ . (7.16)
Equations (6.10) and (6.11) with Laplacians neglected give
ΨGR ≈ Φ+ H
a2
χ′ , ΦGR ≈ Φ− 1
a2
χ′′ +
H
a2
χ′ . (7.17)
Then, according to (7.2) and (7.5), we have
4πGϕ′δϕ ≈ HΦGR +Ψ′GR ≈ HΦ+ Φ′ − 4πGϕ′2χ′ ≈ HΦ , (7.18)
where, in the last approximation, we have neglected the two terms Φ′−4πGϕ′2χ′ compared
to HΦ, which is legitimate during inflation. Comparing (7.16) and (7.18), we get the usual
relation
δρ
ρ
≈ −2Φ , (7.19)
valid on super-Hubble spatial scales during inflation. Note that, in the same inflationary
approximation, we have ΦGR ≈ ΨGR ≈ Φ on super-Hubble spatial scales.
7.2 Evolution with a generic equation of state
In this subsection, we would like to demonstrate that, on asymptotically large spatial scales,
the relativistic potential Φ defined in (6.23) behaves just as in general relativity, including
the cases where the universe experiences slow or rapid transitions between epochs with
different effective equations of state. To see this, consider equation (6.25) in the case of
vanishing shear S for a system described by a generic equation of state p(ρ), which can
interpolate between different regimes. Note that this assumption implies vanishing of the
entropy perturbation, δE = 0, as well as of the last term in equation (6.25), which equation
then takes the form
Φ′′ − c2s∆Φ+ 3H
(
1 + c2s
)
Φ′ +
[
2H′ +H2 (1 + 3c2s)]Φ− 8πG3 (ρ+ p)∆χ = 0 . (7.20)
By the standard change of function (see [11, Sec. 7.3])
Φ = u exp
[
−3
2
∫ (
1 + c2s
)Hdη] ∝ (ρ+ p)1/2u , (7.21)
equation (7.20) is transformed to
u′′ − c2eff∆u−
ϑ′′
ϑ
u = 0 , (7.22)
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where
ϑ ≡ 1
a
[
2
3
(
1− H
′
H2
)]−1/2
=
1
a
(
ρ+ ρΛ
ρ+ p
)1/2
, (7.23)
c2eff = c
2
s +
2(ρ+ p)
3β(ρ − 3p) + 3γρΛ + 4ρ , (7.24)
and we have used definition (6.23) and neglected the cosmological constant contribution in
the denominator.
The long-wave solution of (7.22) is obtained when the term with Laplacian is neglected:
u(η) ≈ Cϑ(η)
∫ η
η0
dη′
ϑ2(η′)
, (7.25)
where C and η0 are constants of integration. In this regime, the quantity
ζ = ϑ2
(u
ϑ
)′
∝ Φ+ 2
3
ρ+ ρΛ
ρ+ p
(
Φ+
1
HΦ
′
)
(7.26)
is conserved.
Equation (7.22) can be recast in the form
[
ϑ2
(u
ϑ
)′]′
= c2effϑ
2∆
(u
ϑ
)
, (7.27)
which, in particular, shows that the quantities
u
ϑ
= a
(
ρ+ p
ρ+ ρΛ
)1/2
u ∝ a
2
HΦ (7.28)
and
ϑ2
(u
ϑ
)′
− ϑ
2
3H∆
(u
ϑ
)
∝ Φ+ 2
3
ρ+ ρΛ
ρ+ p
(
Φ+
1
HΦ
′ − 1
3H2∆Φ
)
(7.29)
should remain continuous during a rapid transition between different equations of state.
Since a and H are obviously continuous in this case, it follows that Φ must also be contin-
uous.
The relations derived in this subsection imply that the inflationary and post-infla-
tionary evolution of the potential Φ on large spatial scales will reproduce those of general
relativity. The only modification as compared with GR occurs on small spatial scales,
where oscillations in (7.22) proceed with effective speed of sound (7.24), different from c2s.
During some periods in the cosmological evolution, this difference can be small and lead
to negligible effect in (7.22). In this case, characterized by
2(ρ+ p)
3β(ρ− 3p) + 3γρΛ + 4ρ ≪ c
2
s , (7.30)
we will say that perturbations evolve in the regime of general relativity (GR) on all scales.
In the opposite case, when the difference between c2eff and c
2
s is essential, we will say that
they evolve in the regime of modified gravity .
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From (6.10) and (6.11), one can obtain relations between the relativistic potentials on
small scales:
ΨGR = Φ+
1
a2
(
1
3
∆χ+Hχ′
)
≈
[
1− k
2
12πGa2κ+ 6H2
]
Φ , k2 ≫ H2 , (7.31)
ΦGR = Φ+
1
a2
(
2
3
∆χ− χ′′ +Hχ′
)
≈
[
1 +
(
3c2eff − 2
)
k2
12πGa2κ+ 6H2
]
Φ , k2 ≫H2 . (7.32)
In the regime of general relativity, where 2πGκ≫H2/a2, we have
ΨGR ≈
[
1− 2k
2ℓ2
3a2
]
Φ , ΦGR ≈
[
1 + 2
(
c2eff −
2
3
)
k2ℓ2
a2
]
Φ , k2 ≫H2 . (7.33)
In deriving the above relations, we have taken into account that, in the high-frequency
regime under consideration, χ′′ ≈ c2eff∆χ, so that the term proportional to χ′′ in (6.11)
gives a contribution of the same order as ∆χ. We see that, even in the GR regime, the
usual GR relation ΦGR = ΨGR is violated for physical wave numbers k/a > 1/ℓ, i.e., on
scales smaller than the scale of deformation ℓ.
7.3 Radiation domination
The evolution of scalar perturbations in a universe filled with fluid are most easily analyzed
using the system of equations (6.25), (6.26). For simplicity, we set the shear to zero and
restrict ourselves to adiabatic perturbations, δE = 0.
At the stage of radiation domination, we have a = a0η, so that H = 1/η, H′ = −H2,
and H′′ = 2H3. The speed of sound at this stage is c2s = 1/3. Equation (6.25) then
simplifies to
Φ′′ +
4
η
Φ′ − c2eff∆Φ = 0 , (7.34)
where
c2eff =
γρΛ + 4ρ
3γρΛ + 4ρ
, (7.35)
and, in using equation (6.23), we have taken into account that ρ = 3p, hence, κ = γρΛ =
const. Equation (7.34) has the form of the usual equation for a radiation-dominated uni-
verse apart from the fact that the effective speed of sound became time-dependent.
In a very early universe, ρ ≫ γρΛ, and the effective speed of sound (7.35) becomes
equal to the speed of light. This is the modified-gravity regime. In the course of time, if
the quantity γρΛ becomes dominant over ρ, the effective speed of sound (7.35) turns to its
standard value 1/
√
3. This is the GR regime. As usual, the limit of GR is obtained by
sending γ →∞.
From the constraint (6.26), we find the expression for energy-density perturbations
during this stage:
4πGa2δρ = ∆Φ− 3HΦ′
(
3γρΛ
3γρΛ + 4ρ
)
− 3H2Φ
[
1− 4(4ρ)
2
(3γρΛ + 4ρ)2
]
, (7.36)
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where we have used the fact that κ = γρΛ = const during radiation domination and that
ρ′ = −4Hρ. Again, as γ →∞, this equation takes the standard GR form.
As usual, the qualitative behavior of solutions of (7.34) is easy to understand in the
two asymptotic regimes: kη ≪ 1, corresponding to modes with wavelength larger than
the Hubble radius, and kη ≫ 1, corresponding to modes that already entered the Hubble
radius. In the first case, the term ∆Φ can be neglected, and Φ = const is a non-decreasing
solution. In this case, the last term in equation (7.36) is dominant and gives a4δρ ∝ Φ
with coefficient of proportionality being a function of time. Note that the usual general-
relativity relation δρ/ρ = −2Φ is no longer valid in our theory. Indeed, this will hold only
in the GR regime, where ρ ≪ γρΛ, while in the early universe we may have ρ ≫ γρΛ.
Thus, for kη ≪ 1, we have
δρ
ρ
≈
{
6Φ , ρ≫ γρΛ (modified-gravity regime) ,
−2Φ , ρ≪ γρΛ (GR regime) .
(7.37)
As a consequence, the long-wave gauge-invariant energy-density perturbation δρ/ρ passes
through zero for γρΛ ∼ ρ, which is an interesting phenomenon connected with the gauge
choice in this model.
Note that the standard relation
δρ
ρ
≈ −2ΦGR (7.38)
remains to be true in both regimes, in view of relation (7.17) between the potentials Φ
and ΦGR valid in the long-wave approximation. Since it is the quantity Φ which remains
constant on large scales during radiation domination, both δρ/ρ and ΦGR change in the
transition between the regimes of modified gravity and GR. Relations (7.17) in this case
read
ΨGR ≈
[
1 +
2(4ρ)2
(3γρΛ + 4ρ)2
]
Φ ≈
{
3Φ , ρ≫ γρΛ (modified-gravity regime) ,
Φ , ρ≪ γρΛ (GR regime) .
(7.39)
ΦGR ≈
[
1 +
4 (9γρΛ − 4ρ) (4ρ)2
(3γρΛ + 4ρ)3
]
Φ ≈
{
−3Φ , ρ≫ γρΛ (modified-gravity regime) ,
Φ , ρ≪ γρΛ (GR regime) .
(7.40)
For modes with kη ≫ 1, the term ∆Φ in (7.34) is important. The dominant solution of
(7.34) oscillates with frequency determined by the effective speed of sound (7.35) and with
a decaying amplitude ∝ η−2c−1/2eff ∝ a−2c−1/2eff . In this case, the first term on the right-hand
side of (7.36) is dominant, and the relation between δρ/ρ and the potential Φ is the same as
in GR. The energy-density perturbation δρ/ρ is now an oscillating function with frequency
determined by (7.35) and with amplitude ∝ c−1/2eff , which is constant both in the modified
and GR epochs and growing during the transition. The relativistic potentials on such small
scales are described by the general equations (7.31)–(7.33).
Thus, as in GR, perturbations do not grow during radiation domination. This is true
both for the modified-gravity epoch in early universe and for the GR epoch at late times.
However, the relation between the energy density fluctuation δρ/ρ and the main relativistic
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potential Φ on the super-Hubble scales is different at these epochs, as shown by (7.37). The
effective speed of sound (7.35), which determines oscillations on sub-Hubble scales, is also
different at different epochs. During the transition occurring for γρΛ ∼ ρ, if it is realized at
the radiation-dominated stage, the long-wave gauge-invariant energy-density perturbation
δρ/ρ passes through zero.
Perturbations at the radiation-dominated stage are studied in greater detail in Sec. 8
below.
7.4 Matter domination
At this stage, we have p = δp = 0, a(η) ∝ η2, and equation (6.25) simplifies to
Φ′′ +
6
η
Φ′ − c2eff∆Φ = 0 , (7.41)
where
c2eff =
2ρ
3κ+ 4ρ
. (7.42)
In this case, κ = βρ + γρΛ is not constant [β and γ are defined in (4.5)]. On sufficiently
large spatial scales, k ≪ H/ceff , we have Φ ≈ const while, on small scales, k ≫ H/ceff ,
the potential Φ oscillates with decreasing amplitude ∝ η−3c−1/2eff ∝ a−3/2c
−1/2
eff and with
effective speed of sound given by (7.42). This behavior is quite different from the case
of general relativity, where the corresponding relativistic potential remains constant at all
spatial scales.
To determine the behavior of the density contrast, consider the quantity
δm :=
δρ+ 3(H/a)δu
ρ
, (7.43)
which is related to Φ through (6.24):
4πGa2ρ δm = ∆Φ . (7.44)
We see that, on large spatial scales, k ≪ H/ceff , the density contrast grows like in GR:
δm ∝ a, while, on small spatial scales, k ≫ H/ceff , it oscillates with a slightly increasing
amplitude ∝ a−1/2c−1/2eff ∝ a1/4 and frequency determined by the effective speed of sound
in (7.42).
It is useful to obtain a closed equation describing the evolution of δm. Using the
conservation equations (6.16) and (6.17) as well as our assumption p = δp = 0, we get
ρδ′m = 3ρ
(
Ψ′GR +HΦGR
)
+
1
a
∆δu+
3
a
(H′ −H2) δu . (7.45)
Taking into account equation (6.13) and the background equation H2−H′ = 4πGa2(ρ+p),
we see that the terms proportional to δu cancel, so that
δ′m =
1
a2
∆χ′ +
1
aρ
∆δu . (7.46)
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Taking the second derivative of δm, we obtain
δ′′m =
1
a2
(
∆χ′′ − 2H∆χ′)+∆ΦGR − H
aρ
∆δu , (7.47)
where we have used the conservation equation (6.17) once again. The following identity is
a direct consequence of (6.9) and (6.10):
∆ΦGR +
1
a2
∆
(
χ′′ −Hχ′) = 2
3a2
∆2χ+
(
4πGκ+
2H2
a2
)
∆χ . (7.48)
Combining (7.46)–(7.48) and using the relation (7.44) between δm and ∆χ, we have
δ′′m +Hδ′m −
2
3a2
∆2χ = 4πGa2ρδm . (7.49)
Finally, using the relation (6.23) between Φ and χ as well as equation (7.44), we obtain
δ′′m +Hδ′m −
2ρ
3κ+ 4ρ
∆δm = 4πGa
2ρδm . (7.50)
It is illuminating to rewrite the above equation in terms of the physical time:
δ¨m + 2Hδ˙m − 2ρ
3κ+ 4ρ
∆δm
a2
= 4πGρδm , (7.51)
where H = a˙/a is the physical Hubble parameter. Equation (7.51) allows for a straightfor-
ward passage to the GR limit: one just has to send κ →∞. For finite κ, we get an extra
term that leads to oscillations on sub-Hubble scales, an effect absent in general relativity.
In view of the definition κ = βρ+ γρΛ, we can write:
c2eff =
2/3
β + 4/3 + γρΛ/ρ
. (7.52)
Thus, at the early epoch with ρ ≫ γρΛ (if this condition is realized during matter
domination), we have oscillations with effective speed of sound c2eff = 2/(3β + 4). If
γ ≫ 1, then, as the energy density decreases with the expansion, one may enter into
the regime ρΛ ≪ ρ ≪ γρΛ in which the usual GR behavior is recovered in a broad range
of spatial scales. Note that the physical spatial scale on which oscillations take place
k/a > H/ceffa ∼ a−3/2(γρΛ/ρ)1/2 ∼ 1/ℓ remains constant during the matter domination
era.
7.5 Lambda domination
At later epochs in its evolution, the universe is dominated by the cosmological constant.
It is thus necessary to consider the evolution of matter perturbations in such a universe.
The scale factor in a Lambda-dominated universe is given by
a(η) = −1
η
√
3
Λ0
, (7.53)
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so that H = −1/η and H′ = 1/η2 = H2. Equation (6.25) in this approximation reads
Φ′′ − 3
η
Φ′ +
3
η2
Φ− c2eff∆Φ = 0 , (7.54)
with the effective speed of sound
c2eff =
4πGρ
6πGκ + 3H2/a2 =
2ρ
(3β + 4)ρ+ (3γ + 4)ρΛ
∼ 2
3γ + 4
(ρ/ρΛ)≪ 1 , (7.55)
where we have taken into account that H2/a2 = Λ0/3 + 8πGρ/3, κ = βρ + γρΛ, and the
Λ-domination condition ρΛ ≫ ρ. Equation (7.54) in this case differs from the general-
relativistic analog only by the term with c2eff∆Φ.
On sufficiently large scales, k ≪H/ceff , the evolution proceeds as in the case of general
relativity, with the dominant mode
Φ ∝ η ∝ a−1 . (7.56)
The evolution of the density contrast is given by equation (6.26):
4πGa2δρ = ∆Φ− 4πGρ′χ′ = ∆Φ− 9
2
c2effH2Φ . (7.57)
One can see that the evolution is the same as in general relativity, δρ/ρ ∝ aΦ = const
in the range of scales ceffH ≪ k ≪ H/ceff . However, the lower boundary in this case
(c2eff ≪ 1) corresponds to the scales well beyond the Hubble radius, which are unobserved
in our universe. Thus, we may conclude that the long-wave perturbations, with k ≪ H/ceff ,
evolve in the GR regime.
On small scales, k ≫ H/ceff , equation (7.54) describes oscillations with adiabatically
decreasing amplitude ∝ a−3/2c−1/2eff ∝ a−3/4 (in the universe with pressureless matter). In
this case, for c2eff ≪ 1, we have
4πGa2δρ ≈ ∆Φ , (7.58)
so that the density contrast δρ/ρ oscillates with amplitude ∝ a−1/2c−1/2eff ∝ a1/4, similar to
what happens in the regime of matter domination.
The threshold comoving frequency which distinguishes between these two types of
behavior is growing as kΛ := H/ceff ∝ a5/2, and so the physical threshold scale a/kΛ
decreases from its value ∼ ℓ at the matter-dominated stage as a/kΛ ∝ a−3/2.
8. Effects of the modification of gravity on the power spectrum
In this section, we give a qualitative analysis of the effect of modification of gravity on the
linear evolution of matter and radiation density perturbations in the adiabatic mode.
First of all, as we have seen in Sec. 7.1, the spectrum on super-Hubble scales generated
during inflation is practically the same as in the usual inflationary theory based on general
relativity. The subsequent evolution of the spectrum depends on the epoch at which the
condition ρ = γρΛ is reached, i.e., it depends on the value of the parameter γ.
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Dealing with the post-inflationary evolution, we consider a two-component universe
filled by non-interacting radiation and dark matter (we ignore the small contribution from
the baryons at the radiation-dominated epoch). Using the basic system of equations (6.16),
(6.17) and (6.23)–(6.28), it is possible to derive a closed system of second-order differen-
tial equations for the two convenient variables, namely, the potential Φ and the entropy
perturbation
sm :=
3
4
δr − δm , (8.1)
where, in this subsection, we have made the notation δr = δρr/ρr and δm = δρm/ρm for
radiation and dark matter, respectively. One of these two equations is just equation (6.25),
and the combined system in Fourier space reads [equation (8.3) is derived in the appendix]
Φ′′ + 3H (1 + c2s)Φ′ + [k2c2eff + 2H′ +H2 (1 + 3c2s)]Φ = 4πGa2c2sρmsm , (8.2)
1
3c2s
s′′m +Hs′m +
k2
4
ρm
ρr
sm =
k4
16πGa2ρr
Φ . (8.3)
System (8.2), (8.3) differs from the corresponding system in general relativity only by the
presence of c2eff instead of c
2
s in one place in (8.2), where c
2
s and c
2
eff are respectively given
by
c2s =
1
3
(
1 +
3ρm
4ρr
)−1
, c2eff = c
2
s +
2(ρ+ p)
3κ+ 4ρ
. (8.4)
Once a solution to (8.2) and (8.3) is found, the density contrasts can be determined
using (8.1) and (6.26):
δr = − 3c
2
s
4πGa2ρr
[
3HΦ′ + (k2 + 3H2)Φ]+ 4H
a2
χ′ + 3c2s
ρm
ρr
sm , (8.5)
δm = − 9c
2
s
16πGa2ρr
[
3HΦ′ + (k2 + 3H2)Φ]+ 3H
a2
χ′ − 3c2ssm , (8.6)
where χ is expressed through Φ by (6.23). These equations formally differ from their
general-relativistic counterparts only by the terms containing χ.
At the radiation-dominated epoch, equations (8.2) and (8.3) take the simple form
η2Φ′′ + 4ηΦ′ + k2c2effη
2Φ =
1
2
Υηsm , (8.7)
η2s′′m + ηs
′
m +
k2
4
Υη3sm =
k4
6
η4Φ , (8.8)
respectively. Here Υ is a dimensionless parameter defined by
Υ =
(
8πG
3
ρeqa
2
eq
)1/2
, Υη ≪ 1 , (8.9)
and aeq and ρeq are the scale factor and radiation density at the radiation-matter equality:
ρm = ρr = ρeq.
If the parameter γ is such that the equality ρ = γρΛ is reached during inflation, then
the evolution of the spectrum at the radiation-dominated stage is the same as in general
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relativity. This follows from equations (8.2) and (8.3), which, in this case, coincide with
those of general relativity at the radiation-dominated stage. Since inflation typically ends
at energy densities ρinfl ∼ 10−12/4πG2, and since
γρΛ ≈ 1
8πGℓ2
, γ ≫ 1 , (8.10)
we have the estimate for ℓ in this case:
ℓ < 106ℓP ∼ 10−27 cm , (8.11)
where ℓP = G
1/2 ≃ 10−33 cm is the Planck length. Such small values of ℓ make the theory
practically indistinguishable from the general relativity (which, we remember, is obtained
in the limit ℓ→ 0).
Assume that γ ≫ 1 is such that the condition ρ = γρΛ takes place at the radiation-
dominated epoch. Let us determine the range of values of the parameter ℓ for which this
is the case. The energy density ρ at the matter-radiation dominated stage is expressed as
ρ ≃ 3H
2
0
8πG
[
Ωm(1 + z)
3 +Ωr(1 + z)
4
]
=
3H20
8πG
Ωm(1 + z)
3
[
1 +
1 + z
1 + zeq
]
, (8.12)
where zeq is the redshift of matter-radiation equality, H0 is the current value of the Hubble
parameter, and Ωr and Ωm are the radiation and matter density parameters, respectively.
When making numerical estimates, for definiteness, we will use the recently determined
values of these parameters [12]:
Ωmh
2
75 ≈ 0.24 , zeq ≃ 3× 103 , (8.13)
where h75 = H0/75 km/s Mpc ≈ 1.
The condition γρΛ = ρ defines the redshift zℓ :
1 + zℓ =
(
1 + zeq
3H20Ωmℓ
2
)1/4
, zℓ ≫ zeq , (8.14)
and the condition zℓ > zeq implies
ℓ <
[
6ΩmH
2
0 (1 + zeq)
3
]−1/2 ≃ 20 kpc . (8.15)
For the modes that enter the Hubble radius well in the GR regime, i.e., at z < zℓ, the
spectrum of perturbations will not be modified by the end of the radiation-dominated stage
as compared to general relativistic cosmology, which can be seen as follows. Before the
Hubble-radius crossing, the terms with k in system (8.2) and (8.3) can be dropped, after
which this system coincides with the corresponding system in GR. After the transition to
GR regime, when c2eff becomes equal to c
2
s, the system again coincides with that of general
relativity for all scales k, as was already discussed in Sec. 7.3. Therefore, the behavior of the
solutions Φ and sm is general-relativistic during the whole evolution. The non-standard
terms with χ in equations (8.5) and (8.6) also become unimportant in the GR regime.
Hence, the density contrasts are expressed through the basic functions Φ and sm also in
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a general-relativistic way. Therefore, their amplitudes and phases will not be modified
compared to the general-relativistic expressions.
The boundary value of the comoving spatial scale λℓ = a0/kℓ that we were talking
about is given by the condition that the corresponding wave crosses the Hubble radius at
redshift zℓ. We have
kℓ = Hℓ = aℓ√
3 ℓ
, (8.16)
from which, using (8.14), we get
λℓ =
a0
kℓ
=
√
3(1 + zℓ)ℓ ≃ λeq
(
1 + zℓ
1 + zeq
)(
ℓ
20 kpc
)
≃ 100
(
ℓ
20 kpc
)1/2
Mpc , (8.17)
where λeq = a0/keq ≃ 100Mpc is the comoving spatial scale corresponding to Hubble-
radius crossing at matter-radiation equality, and, we remember, this estimate works for
ℓ < 20 kpc. For λ > λℓ, or k < kℓ = a0/λℓ, the spectrum of perturbations will not be
modified by the end of the radiation-dominated stage.
Consider now the modes that enter the Hubble radius at the modified-gravity epoch,
where c2eff ≈ 1. Such modes satisfy k ≫ kℓ; their comoving spatial scales, therefore, are
considerably smaller than (8.17). In studying the evolution of adiabatic perturbations on
such scales, for not very large values of η, we can neglect the terms with Υ in equations
(8.7) and (8.8). Then, before the transition to the GR regime, we have c2eff ≈ const = 1, and
the exact solution of this system that describes the non-decaying mode with the property
sm → 0 as η → 0 is given by
Φ =
3Φ0
(kceffη)2
(
sin kceffη
kceffη
− cos kceffη
)
, (8.18)
sm =
Φ0
c4eff
[
cos kceffη − 1
2
−
∫ kceffη
0
cos x− 1
x
dx
]
=
Φ0
c4eff
[
cos kceffη − 1
2
+ C + ln kceffη − Ci(kceffη)
]
, (8.19)
where Φ ≈ Φ0 = const at kη ≪ 1, C ≈ 0.577 is the Euler constant, and Ci(x) is the cosine
integral. We have retained the constant ceff in equations (8.18) and (8.19) which, therefore,
will be applicable also to the case of general relativity, where c2eff = c
2
s = 1/3.
Consider now a wave with a fixed comoving wave number k. It enters the Hubble
radius at the moment η ∼ 1/ceffk. Thus, when we are in the modified gravity regime
the moment of Hubble-radius crossing occurs for a given wave earlier than would be the
case in GR. The oscillations in Φ thus start earlier, and the amplitude of the gravitational
potential Φ also drops more than in GR. A similar suppression effect is also present in
the matter power spectrum. From the above expression for the entropy perturbation we
learn that sm ∝ (kη)4 for kceffη ≪ 1. Thus, the entropy perturbation grows till the mode
enters the Hubble radius where oscillations start. Since in the modified gravity epoch the
Hubble-radius entry occurs earlier, the entropy perturbation grows considerably less then
would be the case in GR and a suppression of matter power spectrum ensues. These effects
can be estimated as follows.
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Well after the Hubble-radius crossing (at kceffη > 1), we can proceed to a new function
u = η2Φ, for which equation (8.7) with zero right-hand side gives
u′′ +
(
k2c2eff −
2
η2
)
u = 0 . (8.20)
Therefore, an approximate solution to Φ in the regime k2c2eff ≫ H2 = η−2 can be given in
the WKB form
Φ ∝ 1
η2
√
ceff
cos
∫
kceffdη . (8.21)
Comparing this with the leading terms in (8.18), (8.19), we conclude that the WKB solution
well after the Hubble-radius crossing can be approximated by
Φ ≈ − 3Φ0
(kc0effη)
2
√
c0eff
ceff
cos
∫ η
0
kceff (η
′)dη′ , (8.22)
sm ≈ Φ0
2
(
c0eff
)2
c2eff
√
c0eff
ceff
cos
∫ η
0
kceff (η
′)dη′ +
Φ0(
c0eff
)4
(
C − 1
2
+ ln kc0effη
)
, (8.23)
where c0eff is the asymptotic initial value of the effective sound velocity, which we have
inserted here for comparison with the case of general relativity. The second term in (8.23)
is just a source-free solution of equation (8.8); therefore, we have retained its form without
any modification.
We note that the same expressions (8.22), (8.23) will be obtained in general relativity
with the substitution of cs for ceff everywhere. Therefore, after the transition from the
modified-gravity regime, where c2eff (η) ≈ 1, to the GR regime, where c2eff(η) = c2s(η) ≈ 1/3,
solution (8.22) for the potential Φ will evolve just like in the case of general relativity
except that its phase will be shifted and the amplitude of its oscillations will be lower by
a factor of
c−3/2s = 3
3/4 ≈ 2.3 . (8.24)
This comprises the suppression by c2s due to an earlier entry into the regime of acoustic
oscillations with decaying amplitude, as well as amplification of the amplitude by the factor
c
−1/2
s that occurs in the transition from the modified-gravity to the GR regime.
The amplitudes of the radiation and matter energy densities on small scales (kceff ≫H)
will be given, according to (8.5), (8.6), by the expressions
δr ≈ − 3c
2
sk
2
4πGa2ρr
Φ =
6Φ0c
2
s(
c0eff
)2
√
c0eff
ceff
cos
∫ η
0
kceff (η
′)dη′ , (8.25)
δm ≈ 3
4
δr − 3c2ssm ≈
9Φ0c
2
s
2
(
c0eff
)2
√
c0eff
ceff
(
1− 1
3c2eff
)
cos
∫ η
0
kceff (η
′)dη′
− 3c
2
sΦ0(
c0eff
)4
(
C − 1
2
+ ln kc0effη
)
. (8.26)
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We see that the amplitude of δr, compared with its general-relativistic counterpart,
after transition to GR regime (where c2eff = c
2
s = 1/3), will be lower by the same factor
(8.24), which will affect the CMB pattern on small angular scales. If one wishes to exclude
this modification in the CMB spectrum at multipoles l . 2500, corresponding to the
values reached by ACBAR [13], then one needs to impose the following constraint on the
parameter ℓ:
lrec
lℓ
=
λℓ
λrec
=
λℓ
λeq
λeq
λrec
≃ 0.4
(
ℓ
20 kpc
)1/2
.
200
2500
⇒ ℓ . 1 kpc . (8.27)
Here, lrec ≈ 200 is the characteristic multipole number corresponding to the Hubble radius
crossing at recombination, and λrec = a0/krec ≈ 250Mpc is the corresponding comoving
length.
The amplitude of matter perturbation on small scales under consideration is given by
(8.26). In general relativity, we would always have c2eff = c
2
s = 1/3, and the oscillatory
term would always be absent. In the present case of modified gravity, the matter density
contrast, apart from the usual monotonic evolution described by the last term in (8.26),
also exhibits oscillations. However, these oscillations cease after transition to the GR
regime (where c2eff = c
2
s = 1/3), and the matter density contrast is then described by the
usual monotonic term. Its amplitude is smaller than that of general-relativistic expression
by the factor c4s = 1/9, although the argument in the logarithm is larger by a factor of√
3. We thus conclude that, in the eventual power spectrum P (k) ∝ |δm(k)|2 of dark
matter, there will be an additional suppression factor on small scales generated during the
radiation-dominated stage:
Pmod(k)
PΛCDM(k)
=

 C − 12 + ln kηeq
9
(
C − 12 + ln
kηeq√
3
)


2
≈ 1
80
, k ≫ kℓ > keq , (8.28)
where Pmod(k) and PΛCDM(k) are the power spectra in the modified gravity theory under
consideration and in general relativity, respectively, ηeq is the conformal time at the matter-
radiation equality, and kℓ and its corresponding comoving length are given, respectively,
by (8.16) and (8.17). Such a strong suppression will place additional constraint on the
value of ℓ. In order that it does not disturb the observed power above the comoving spatial
scales of ∼ 1Mpc, one would require λℓ . 1Mpc, or
ℓ . 2 pc . (8.29)
On the other hand, suppression of the power of linear perturbations on comoving scales
below 1Mpc may be interesting from the viewpoint of the missing-satellite problem (see
[14]).
During matter domination, there will be an additional modification of power caused
by oscillations on scales k > km = H/ceff ≃ a/
√
2ℓ with slightly increasing amplitude
δm ∝ a1/4 (see Sec. 7.4). The corresponding comoving length scale is
λm =
a0
km
≃
√
2ℓ (1 + z) ≃ 8
(
1 + z
1 + zeq
)(
ℓ
2 pc
)
kpc . (8.30)
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At present, the evolution of perturbations on such small spatial scales is non-linear, and
the linear-theory analysis of this paper is no longer applicable. On the other hand, it is
not easy to probe the spectrum on such scales in the linear regime in the early universe. It
is thus hard to see whether the new effect of matter density oscillations could be detected
with the currently available data.
The analysis made in this section, in particular, suggests that, if the condition ρ =
γρΛ took place at the matter-dominated stage, which requires values of ℓ larger than
those given in (8.15), this would modify the power spectra of dark matter and radiation
very significantly compared to the case of general relativity, which is important from the
viewpoint of current observations. For instance, the pattern in the CMB power spectrum
would be affected because of the essential difference in the effective speed of sound c2eff
from the usual one c2s in this case, and the matter power spectrum would be suppressed
on all scales because of specific oscillations on the matter-dominated stage. Whether it
is possible to fit all available observations in this case by varying cosmological parameters
requires additional investigation using numerical methods.
Finally, we note that we have studied here only the adiabatic mode, for which sm → 0
asymptotically in the past. For the bound (8.29) on the parameter ℓ that arose in this
section, the entropy mode is practically excluded, just as it is the case in the ΛCDM
model. It also remains to be seen whether one can loosen the restrictions on the parameter
ℓ in the presence of an entropy mode.
9. Discussion
The modified theory of gravity that was studied in this paper has several specific features
which make it an interesting object of investigation. Expressed in terms of the self-dual two-
forms of the Pleban´ski formalism, the theory is local and has the same number of degrees
of freedom as general relativity. Due to this property, the theory, in particular, respects the
analog of the Birkhoff theorem, possessing a unique one-parameter family of (modified !)
spherically symmetric vacuum solutions [4], which also turn out to be static. Unlike some
other modifications of general relativity, such as massive gravity, it has a continuous limit
to general relativity and, therefore, may be regarded as a smooth deformation of the latter.
At the linearized level, the modification is described by a parameter ℓ with dimension
of length and a dimensionless parameter g; they enter the fundamental potentials V and
R defined in (2.10) and (2.12), respectively. The value of g is restricted to lie between
zero and unity from the requirement of absence of singularity in the equations for linear
perturbations, while the parameter ℓ is essentially free. The limit of general relativity is
obtained as ℓ→ 0, irrespective of the value of g.
The cosmological properties of the theory also reflect the absence of new degrees of
freedom. Thus, the dynamics of an ideally homogeneous and isotropic universe described
by the modified gravity under consideration is absolutely the same as in general relativity.
For a realistic universe, which is homogeneous only statistically, there will be the problem
of averaging which might lead to modification of the effective Friedmann equations, the
issue that lies beyond the scope of the present paper.
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The theory of linear perturbations is modified in a very interesting way. Concern-
ing perturbations of the scalar type, first of all, there exists an analog of the relativistic
potential Φ in this theory, which is related to the matter perturbations in the usual way
through Eq. (6.24). Just as in general relativity, it is also possible to obtain a system of
second-order partial differential equations describing the evolution of this potential; see
Eqs. (6.23)–(6.28). This system is different from its counterpart in general relativity. Its
analysis, performed in Secs. 7 and 8, reveals the following basic qualitative features:
1. The inflationary theory of generation of primordial perturbation remains intact be-
cause corrections due to modification of gravity at the inflationary stage are sup-
pressed by the small ratio |H˙ |/H2 ≪ 1.
2. The evolution of perturbations at a radiation-dominated stage, described by (7.34),
proceeds with a modified effective time-dependent speed of sound ceff , given by (7.35).
The relation between the energy density and relativistic potential, Eq. (7.36), is also
modified as compared to general relativity. For sufficiently low values of the length
parameter, ℓ < 20 kpc, given by (8.15), the transition from the modified-gravity
regime (where ceff ≈ 1) to the general-relativistic regime (where ceff ≈ cs ≈ 1/
√
3)
takes place at the radiation-dominated stage. The modes that enter the Hubble radius
after this transition evolve just as in general relativity, so that the spectrum in this
long-wave region is not modified. The modes that enter the Hubble radius before this
transition experience some suppression in the course of the transition; their amplitude
drops by approximately 2.3, see Eq. (8.24). This will affect the CMB angular power
spectrum on sufficiently small scales; in order that this spectrum remain unmodified
below the multipole number l ≃ 2500 reached by ACBAR [13], the fundamental
length parameter of the theory is further restricted to be ℓ . 1 kpc; see Eq. (8.27).
Modification of gravity during the radiation-dominated stage also has interesting ef-
fect on the evolution of dark-matter perturbations on small scales, which is described
in Sec. 8. Specifically, the matter density contrast, apart from the usual monotonic
evolution also exhibits oscillations, described by the first term in (8.26), that cease
after transition to the GR regime (where c2eff = c
2
s = 1/3). Moreover, the amplitude
of the monotonically growing part of matter perturbation is smaller than the similar
expression in general relativity by the factor c4s = 1/9. This leads to a suppression
of the eventual power spectrum of dark matter by a factor ∼ 1/80 [see (8.28)] on the
scales that enter the Hubble radius well before the transition to general-relativistic
regime. In order that this suppression does not disturb the observed power above
the comoving spatial scales of ∼ 1Mpc, one would require ℓ . 2 pc, which turns
out to be the strongest constraint on this parameter in the present scenario. On
the other hand, suppression of the power of linear perturbations on comoving scales
below 1Mpc may be interesting from the viewpoint of the missing-satellite problem
(see [14]).
3. The evolution at the matter-dominated stage is qualitatively different from that of
general relativity because equation (7.41) for the relativistic potential still contains a
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nonzero effective speed of sound, given by (7.42) or (7.52). For this reason, the closed
equation (7.51) for density contrast exhibits oscillatory character on sufficiently small
scales; the corresponding comoving spatial scale is given by (8.30). In view of the
previous constraint ℓ . 2 pc, this behavior will only affect the comoving spatial
scales smaller than about 8 kpc. Note, however, that, at present, the evolution of
perturbations on such small spatial scales is non-linear, and the linear-theory analysis
of this paper is no longer applicable. On the other hand, it is not easy to probe the
spectrum on such scales in the linear regime in the early universe. It is thus hard to
see whether the new effect of matter density oscillations could be detected with the
currently available data.
We should note that the above description is of qualitative character and, therefore,
needs to be substantiated by numerical integration of the derived system of exact equations
for perturbations, which will be the subject of subsequent work. We also leave to the future
work an analysis of the effect of modification on the gravitational waves, with a preliminary
description given in Appendix B.
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Appendix
A. Derivation of equations describing the radiation–dark-matter system
The conservation equations (6.16) and (6.17), written in Fourier space for a system of
matter and radiation with vanishing shear, read
δ′m = θm + 3Ψ
′
GR , δ
′
r =
4
3
θr + 4Ψ
′
GR , (A.1)
θ′m = −Hθm − k2ΦGR , θ′r = −k2ΦGR −
1
4
k2δr . (A.2)
Here, the variable θa for each component is defined as
θa = − k
2δua
ρa + pa
. (A.3)
Equations (6.26) and (6.27) in the case of vanishing shear can be expressed, respec-
tively, as
4πGa2 (ρmδm + ρrδr) = −3H
(
Φ′ +HΦ)− k2Φ− 4πGρ′χ′ , (A.4)
4πGa2
(
ρmθm +
4
3
ρrθr
)
= −k2 [Φ′ +HΦ− 4πG(ρ+ p)χ′] . (A.5)
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Differentiating the entropy perturbation sm =
3
4δr− δm, using (A.1) and (A.2), we get
s′m = θr − θm , s′′m = Hθm −
k2
4
δr . (A.6)
It remains to calculate the left-hand side of (8.3). Using the definition (8.4) of c2s, we
have
1
3c2s
s′′m +Hs′m +
k2
4
ρm
ρr
sm =
=
(
1 +
3ρm
4ρr
)(
Hθm − k
2
4
δr
)
+H (θr − θm) + k
2
4
ρm
ρr
(
3
4
δr − δm
)
=
3H
4ρr
(
ρmθm +
4
3
ρrθr
)
− k
2
4ρr
(ρmδm + ρrδr)
= − 3H
4ρr
k2
4πGa2
[
Φ′ +HΦ− 4πG(ρ+ p)χ′]
+
k2
4ρr
1
4πGa2
[
3H (Φ′ +HΦ)+ k2Φ+ 4πGρ′χ′] = k4
16πGa2ρr
Φ . (A.7)
Here, in the third equality, we have used equations (A.4) and (A.5), and, in the last equality,
the conservation equation ρ′ = −3H(ρ+ p). Equation (A.7) is the desired result (8.3).
B. Tensor sector
B.1 Curvatures
To describe the linearized connections and the curvature in the tensor sector it is very
convenient to introduce the following two differential operators on the space of symmetric
traceless transverse matrices:
DXij := Xik,lǫ
jkl + i(Xij)′ , D¯Xij := Xik,lǫ
jkl − i(Xij)′ , (B.1)
where, as usual, the prime denotes the conformal time derivative. It is easy to see that the
operators D and D¯ transform symmetric transverse traceless matrices into matrices with
similar properties and that
DD¯ = D¯D = − , (B.2)
where we have denoted  := −∂2η +∆. In terms of the derivative operators introduced, we
get
δAiχ = −
1
a3
D(aχij)dxj , δAiρ = −
1
a
D¯(aρij)dxj . (B.3)
For a linearized connection of the form δAi = Aijdxj with a symmetric traceless matrix
Aij , the linearized curvature is given by the following expression:
D0δAi = 1
2a
D¯
(
Aij
a
)
Σj0 −
1
2a3
D(aAij)Σ¯j0 . (B.4)
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Thus, we have
D0δAiχ = −
1
2a
D¯
[
D
(
aχij
)
a4
]
Σj0 +
1
2a3
D¯
[
D
(
aχij
)
a2
]
Σ¯j0 , (B.5)
D0δAiρ = −
1
2a
D¯
[
D¯
(
aρij
)
a2
]
Σj0 +
1
2a3
DD¯(aρij) Σ¯j0 . (B.6)
Note that the derivative operators D and D¯ do not act on the basis two-forms in these
expressions.
B.2 Field equations
For tensor perturbations, there is no source on the right-hand side of (4.8), and we get the
following simple system of equations:
aD¯
[
D
(
aχij
)
a4
]
− 1
a2
(H2 +H′)χij + aD¯
[
D¯
(
aρij
)
a2
]
− (H2 −H′) ρij = 8πGκχij , (B.7)
1
a
D
[
D
(
aχij
)
a2
]
− 1
a2
(H2 −H′)χij + 1
a
DD¯(aρij)− (H2 +H′) ρij = 0 . (B.8)
Now expanding the derivative operators one obtains the following coupled system of second-
order differential equations:
1
a2
(
∂2η −∆− 2H∂η − 4H2 − 8πGa2κ+ 4iHǫ
)
χij =
(
∂2η +∆+ 2i∂ηǫ
)
ρij , (B.9)
a2
(
∂2η −∆+ 2H∂η
)
ρij =
(
∂2η +∆− 2i∂ηǫ
)
χij , (B.10)
where ǫ is a first-order differential operator that acts on the space of symmetric trace-free
matrices via:
ǫXij = Xik,lǫ
jkl . (B.11)
We note that ǫ2 = −∆. As a check, in the limit χij → 0 such that κχij is kept finite, we
get the GR result (∂2η −∆+ 2H∂η)ρij = 0.
B.3 Action principle and Hamiltonian analysis
We have written the system of equations (B.9), (B.10) in the above form to make it obvious
that they can be obtained as Euler–Lagrange equations for the following Lagrangian:
Ltens = −a
2
2
ρ
(
∂2η −∆+ 2H∂η
)
ρ+ χ
(
∂2η +∆+ 2i∂ηǫ
)
ρ
− 1
2a2
χ
(
∂2η −∆− 2H∂η − 4H2 − 8πGκa2 + 4iHǫ
)
χ , (B.12)
where we have dropped the internal indices for brevity. Indeed, one easily obtains both
equations using the fact that the operators ∂2η − ∆ + 2H∂η , ∂2η , and ∂2η − ∆ − 2H∂η are
self-adjoint with respect to the inner products given by
〈φ,ψ〉+ =
∫
dηd3x a2φψ , 〈φ,ψ〉0 =
∫
dηd3xφψ , 〈φ,ψ〉− =
∫
dηd3x
1
a2
φψ , (B.13)
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respectively. Moreover, the operator ǫ is self-adjoint with any of these inner products.
It is clear from the form of this Lagrangian that it is degenerate and thus describes
just one propagating field, not two. Indeed, the time derivatives of the fields enter in the
combination (a2/2)(ρ′−χ′/a2)2, which makes it clear that the system is degenerate. There
are many ways to unravel the dynamics of such a system, but the most powerful, if not
always the easiest method is via its Hamiltonian analysis. Thus, let us rewrite it in the
Hamiltonian form. To this end, we first rewrite the Lagrangian in the form that makes
it obvious what the canonical momenta are. Integrating by parts in the terms containing
second time derivatives, we write:
Ltens = a
2
2
(
ρ′2 + ρ∆ρ
)− (ǫρ− iρ′)(ǫχ+ iχ′)
+
1
2a2
[
χ′2 + χ∆χ− 4iHχǫχ+ (4H2 + 8πGa2κ)χ2] . (B.14)
Now the conjugate momenta are:
πρ = a
2ρ′ − χ′ + iǫχ , πχ = 1
a2
χ′ − ρ′ − iǫρ . (B.15)
Thus, the following primary constraint holds:
φ1 := πρ + a
2πχ + iǫ(a
2ρ− χ) = 0 . (B.16)
The Hamiltonian is obtained as Htens = πρρ′+πχχ′−Ltens+uφ1, where u is a Lagrange
multiplier and φ is the primary constraint. The Hamiltonian then must be written in terms
of the momenta. Only one momentum is needed for this, for which we choose πρ. We get:
Htens = 1
2a2
π2ρ −
1
a2
πρiǫχ− a
2
2
ρ∆ρ− ρ∆χ+ 1
2a2
(
4iHχǫχ− 4H2χ2 − 8πGa2κχ2)+ uφ1 .
(B.17)
As a check, one can verify that the Poisson brackets of this Hamiltonian with the phase
space variables πρ, πχ, ρ, and χ give rise precisely to the original equations (B.9), (B.10)
with the Lagrange multiplier u = χ′/a2 as a consequence of χ′ = {Htens, χ} = a2u.
Now the condition that the constraint φ1 = 0 is preserved in time gives the secondary
constraint:
φ2 := φ
′
1 = 2a
2H(πχ + iǫρ) + {Htens, φ1} = 0 . (B.18)
We find:
φ2 := a
2∆ρ+ iǫπρ −Hπρ − iHǫχ+ 2H2χ+ 4πGa2κχ = 0 , (B.19)
where we have used the relation a2(πχ + iǫρ) = iǫχ − πρ that follows from φ1 = 0. As a
check, we note that (B.19) is precisely the difference of the two original equations (B.9),
(B.10).
Now one can see that the Poisson bracket of φ1 with φ2 is a constant, and so the
constraints are second class. These constraints can be used to solve for πχ and χ in terms
of the phase space variables πρ and ρ. After that, one should substitute the result into
(B.17) to obtain an effective Hamiltonian with second class constraints solved for. In
addition, one also has to compute the arising Dirac bracket.
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To solve (B.19), we introduce:
m2 := 2H2 + 4πGa2κ . (B.20)
We now get for χ:
χ =
(
iHǫ−m2)−1 [a2∆ρ+ (iǫ−H)πρ] , (B.21)
where the inverse of
(
iHǫ−m2) should be interpreted by passing to the momentum space.
There is no operator-ordering ambiguities in this formula as all the operators only involve
spatial derivatives and thus commute.
We now note that Hamiltonian (B.17) can be rewritten on the constraint surface (B.19)
as
Hefftens =
1
2a2
π2ρ −
a2
2
ρ∆ρ− H
a2
χ(πρ − iǫχ) , (B.22)
where χ is to be substituted from (B.21). The action in the Hamiltonian form on the
constraint surface now reads:
Sefftens =
∫
dη d3x
[
ρ′πρ +
χ′
a2
iǫχ− χ
′
a2
(
πρ + ia
2ǫρ
)−Hefftens
]
, (B.23)
where we have used the constraint (B.16) to express πχ in terms of the other phase space
variables. Now, the term
χ′
a2
iǫχ− H
a2
χiǫχ =
(
χiǫχ
2a2
)′
(B.24)
here is a total time derivative and can be dropped. This leaves us with
Sefftens =
∫
dη d3x
[
ρ′πρ − χ
′
a2
(
πρ + ia
2ǫρ
)− 1
2a2
π2ρ +
a2
2
ρ∆ρ+
H
a2
χπρ
]
, (B.25)
where (B.21) must be substituted. After this is done, and all the dust settles, we get the
following effective action in the Hamiltonian form:
Sefftens =
∫
dη d3x
(
ρ′
m2πρ
m2 − iHǫ −
1
2a2
π2ρ
[
1 +
( H− iǫ
m2 − iHǫ
)′]
+ ∆ρ
πρ
a
(
a
m2 − iHǫ
)′
+
a2
2
ρ∆ρ
[
1 +
iǫ
a2
(
a2
m2 − iHǫ
)′])
. (B.26)
As before, the limit to GR is easily obtained by sending m2 → ∞. Another simple limit
is that of passing to the Minkowski spacetime background. This is obtained by setting
H = 0 and a = 1 everywhere, as well as taking m2 to be time-independent. One again
obtains an unmodified system, even for a finite m2, which is consistent with the earlier
observations in the literature that the gravitational waves in the Minkowski spacetime are
unmodified. However, we see that tensor perturbations around an expanding universe are
modified quite non-trivially.
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This action can be further rewritten in the usual form depending on generalized ve-
locities only by integrating out the momentum πρ. We get
Sefftens =
∫
dη d3x
a2
2
([
1 +
( H− iǫ
m2 − iHǫ
)′]−1 [
ρ′
m2
m2 − iHǫ +
∆ρ
a
(
a
m2 − iHǫ
)′]2
+ ρ∆ρ
[
1 +
iǫ
a2
(
a2
m2 − iHǫ
)′])
. (B.27)
The resulting effective action is complex. The prescription for dealing with such complex
actions advocated in [5] was to require the metric to be real and take the real part of
the action. However, a different prescription may also be possible.4 Thus, it may be that
the appropriate prescription is to allow the action to be a complex, holomorphic function
of the metric gµν , with the latter treated as a collection of complex variables. Then, the
condition that the imaginary part of the action vanishes gives a relation allowing to express
the imaginary part of the metric in terms of its real part. The real part of the action can
then be written as a functional of the real part of the metric. More work is needed to decide
which prescription for dealing with “reality conditions” for this theory is appropriate. We
leave an analysis of the tensor sector that depends on this prescription to future research.
An alternative quick way to obtain the field equation for ρ that stems from (B.27) is
as follows. One notes that equation (B.10) can be written as
π′ρ − a2∆ρ− iǫ(iǫ− ∂η)χ = 0 . (B.28)
On the other hand, from the definition (B.15) of the momentum πρ, it follows that
(iǫ− ∂η)χ = πρ − a2ρ′ . (B.29)
This gives an equation that involves only ρ and πρ:
π′ρ − a2ρ− iǫ(πρ − a2ρ′) = 0 . (B.30)
One can rewrite this as
(∂η − iǫ)(πρ + ia2ǫρ)− 2Ha2iǫρ = 0 . (B.31)
Using the expression for πρ that was obtained above (when integrating it out), or substi-
tuting χ into the definition (B.15) of the momentum πρ and solving for πρ, we obtain the
following compact expression for the combination
πρ + ia
2ǫρ = a2
[
1 +
( H− iǫ
m2 − iHǫ
)′]−1
(∂η + iǫ)
m2ρ
m2 − iHǫ . (B.32)
As a result, we get the following differential equation for ρ:
(∂η − iǫ)a2
[
1 +
( H− iǫ
m2 − iHǫ
)′]−1
(∂η + iǫ)
m2ρ
m2 − iHǫ − 2Ha
2iǫρ = 0 . (B.33)
As a check, we note that the resulting equation takes the general-relativistic form (a2ρ′)′−
a2∆ρ = 0 in the limit m2 → ∞. We shall not analyze the arising modified gravitational
wave equations in this paper, leaving this to future work.
4One of the authors (KK) is grateful to Laurent Freidel for a discussion that led to an alternative
prescription.
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